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.3w a-r :L‘ Viroaelllatlons durl.ng w'-ng vibrations. Mainly the results 
obtained In this case were at plled to (lucstlons of wing vibration. 

However, !n extreme, large amplitude flapping of a wing, there ap- 
parently ^re no exi>er Imental data, which Indicate the formation of a 
continuous vortex layer beyond the wing, which extends beyond the wing 
In the form of an undulating vortex surface. On the contrary, vortex 
formation of the Karman vortex street type, formed by separately 
moving vortices, can be observed beyond an oscillating wing. All tn __ 
difficulties pointed out remain, for example. In the case of formation 
of a so called Initial Trandtl vortex, In a sharp chanp of the angle 
of attack: In this case, available experimental data also do not give 
any basis for any conclusions as to the exlst’jnce of a continuous 
distribution of vortices beyond the wing. 

The goal of this article Is to show that the contradiction pointed 
out above can be removed, If the effect of the boundary layer of the 
wing is taken Into account. The basis, of further considerations is 
•■he systematic application of the theory of boundary layers to ex- 
planation of the processes which occur, during oscillations of a wing. 

In its boundary layer. Vortex formation proces3e.s can be explained 
by the Viscosity of the air which, as Is known, fr.^m the point of view 
of the theory of boundary layers, only appears wltJiln the boundaiy layer. 
Prom this point of view, the basic hypothesis that the sharp trailing 
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V ,ie’; wing profile L and oroflle L^_ en- 

• -1 lo the outer boundary of the boundary layer (Pig. 1). 
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Of velocities and, consequently, pressures on contour L^, which ao 

f-.-om the velocity and pressure distributions on contour L. 

Therefore, for the clrculc.tlon, we can write tlie expression 
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where w Is the co-siplex 



pot'Uit^al of the flow a'*ound the profile. 

On the other hand, from the properties of 
the boundary layer, the How velocity on L 
ei^uals zero and, consequently, 
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Thur, wo h.ad the following two 
vurtox zones In the wing: boundary 

layer zone I (Fig. and a zone 
locited Inolde the wing, which Is the 
mlrr’or Irrago oi’ zone I relative to the 
wing contour (aono II In Fig. 3). 
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With change In circulation around 
the wing, for example, with change In 
the angl.i of attack, the vortlclty In- 


thla case. It also la possible that 


In 


side these layers changes. In , 

with eha.nge In the flo past conditions, for example, wi.-h change 
the angle of attack, part of the turbulent air mass which forms the 
boundsiry layer separates and forms a vortex leaving the wii^g; then, 
the symmetrical vortex in layer II remains Inside the wing. In this 
case, the sign of the cli-culatLon departing with tae vortex and the 
sign of the clrculatlojv which replaces the effect of the wall 
wing are opposite, and their absolute values are e.iual. ^|jich a situa- 
tion develops, for example. In the formation of the Initial ^ 
vortex; wo can consider It the result of separation o: part of the 

boundary layer, ^ 


Thei'e are sltr.llai' c 1 rcu.'ist ances In ot.nei’ cases 
the shelling of vortices luring flaps of a flapping 
slent, l*or (-• X amp 1'.’ , ‘iccelerated movement oi .a wln^^. 
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II Is known from the theory of wings that, for total Jeterminatlon 
■jf the lift or its moment, the exact distribution of the circulation 
on IndlvlJual elc'ncnts of the wing rurfaco need not be known. For 
example. In the theory of wings of finite .jpan, to derive the basic 
formulas. It Is sufficient to replace the system of connected vortices 
with one carrier vortex of variable circulation along the wingspan. 

In entirely the same manner, for further study, the boundary layer can 
be replaced by some approximate, quite rough scheme, but which is 
suitable for estimation of the total effect due to the boundary layer. 
Fr*om the point of view reported above, the boundai’y layer and Its 
miri’or Image ai*e, In the first approximation, the system of vortices 
Indicated In Fig. where L Is the wing contour, I is the boundary 
layer region anJ II is the region occupied by t.ie mirror image of the 
boundary layer. Because of the small thickness of the boundary layer, 
the distance between the vortices of systems I and II Is very short 
and, therefore, the effect of two such vortex systems can, with some 
approximation, replace the effect of a system of dipoles, the axes of 
which are located along the wlhg walls. Thus, we replace the vortex 
system indicated In Fir. by a system of dipoles (Fig. 5). Since the 
effect of such a system of dipoles, continuously distributed ever the 
wing surface, can be replaced by the source and the flow at the ends of 
the boundary layer, on condition that the Intensity of all continuously 
distrituteJ dli^oles constant. In the first approxlmat Ion, we can 
replace the e:’f>--ct of the boundary layer and Its mirror Image by a 
source and flow, 1 '>*.it.ed at two point.s of the wing surface. Such a 
subjit Itution assume.", .a con.".tant Jl.-.trlbutlon of vortices In the boundary 
layer aiid arb Iti-ary I nt.i-o duct Ion of a "s.tart" and "end" ol’ t.he boundary 
layer. Therefore, s.uvdi a .a lm{' 1 ! fy 1 ng ass-umpt. Ion , of cour.se, 1 .s very 
rough, but It prest-nt:', no dl f f I'-ultles to making this scheme more flex- 
ible, on the one hand, by Introducing a vortex sy.stem In 'he boundary 
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whore R lo the cylinder radius, V is the flow velocity far from the 
cylinder, 9 is Its angle to the effective axis and peM^ Is the affix 
of vortex J. 
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We 1 Ind such :i line that, by placing J at some point on It, 
obtain equation (3) with constant f, J, V and 9. For this line 
equation (3), we obtain the equation ’ 
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pei'pen J 1 v.*ul'ur to the x axis, 
(Fig. 6). 
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This result clearly conti'adlcts both 
theoreilc'il considerations and v?xporiment . 

Both show that the vortlv’uS in the flow are 
lisplaced along the lines of the current, l.e., 
under the probli*m conditions, along a lino 
parallel to lines We obtain tlje conclusion 

rroni this; a lino cannot be selected, along 
which the vort-'X is displaced In Tree flow, in 
;;ucli a manner tnat the sheidinc jiolnt r’omalns 
•'IX'.'.i, with constant ciircul.atlon P .and Intensity 
ijf vortex .1. 
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the basic conditions of hydromechanics. 
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• tir r ■ i , '■ ' Tij'ly/'r,- ii' iv.-.Kly hy[>ot h*'-:’ 1 r. , la that • h»^ aharp 

1*'^ , 1 ' ' h>' wl’u: an^dvlln-* lino jf r h.; I'l^w rr'.>m the 

'.j'P^r* •■:. i 1 ti- r ■ of wing. iiut , tho poalMon oi‘ the ahed- 

1 ! r.K r !n* ‘h* flow fr^m -he upper and low>-r aurfaces of the indng 

lopenJa on tho magnitude of the (! 1 r*oulat I on around th'> wing, as well 
aa on the magnitude and prslMona of the external vort-loes. With change 
In position of tho ext<*rr.al vortices, the sheJilrjg point can i-emaln on 
the trailing edge of the wing, only on condition of continuous change 
In tho circulation whljh. In turn, according to the Thomson theorem, 
causes shedding of vortices I’rom the wlitg. Based on this, Prandtl 
nropoaed the following hydrodynamic scheme: brlilnl the wing which Is 

In transitional moverrent , a vortex sheet, forms, which Is continuously 
shed from the trailing edge of the wing, iluch a vortex sheet Is a /^lO 
velocity discontinuity surface. Thus, a wing In transitional move- 
ment Is accompanied by a velocity d lacont Irm Ity surface which is shed 
from tho trailing edge of the wing. 

Such a velocity dlscontl nulty surface or, which la the same thing, 
vortex surface, has a certain effect on the wing, hs In any vortex sys- 
tem which affects, for example, the velocity field In which the wing 
Is located. Taking account of this effect presents trememdous theoretical 
difficulties. 

Varlouj? simplifying assumptions on the atructur-e of the llscont Inu Ity 
surface must be Introduced Into the theory of transitional movement. 

?or example, It usually Ij assumed th.at such a discontinuity surface Is 
■a plane. Howevei-, su'di a slmpl I fl ent Ion , which Is p.ermlss Ihle In ex- 
t.remcly low amplitude wing flaps, su di tv, for example, wing vibrations, 
proves to be .!ompletely unsuitable In the case of a I'lripplrjg wing with 
large amplitude fl.aps, . 
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Fuel s n.rumptlon oF the en^jlne. The laestlori oF the uomDarat.lve econ- 
omy oF modern Fllj^nt vehicles haaei fin the use oF I'lntplng wltitts la 
up aj/alnst the lack oF any deveiooeJ Mie;>ry oF Flajpljig wings. 


An attempt is made In this a:*tlcl«» to report the basis oF those 
cons Id'O’ut ions which. In our opinion, p**rmlt constr*uat 1 on oF a hydro- 
Jvnarnlc theory oF the operation oF a Flapf)lng wing at any Flap amplitude 
We will consider the problem under plane parallel Flow conditions. 


As was pointed out above, the b<arlc alFFlculty oF the theor*y la 
accounting For the Formation uF the vortexes shed I'rom the wing. 
According to the Idea oF Frandtl, used by all Irjvest 1 gators oF this 
-luestlen, a continuous vortex sheet Is shed I’rom a flapping wing. The 
basis of the pi’oposeJ theory Is the rejection oF such a hydrodynamic 
scheme. v.'e see a way towa* •*.; agi eenont with those rc jul rcmerits to 
which the Cnup lygln-Zhuk^ vok ly postulate leads, on the one hand, and 
the theorem ol’ the preservation oF circulation (Thomson theoiam), on 
the other hand, Ifi accounting For the eFFect oF the houndai*y layer of 
the wing, 1.*’., From the phy.'^clal point of view, accounting For the 
cFFoct oF viscosity. 
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From the kinematic point oF vl-*w, the boundary 
isyex' of a wing must be considered is a r-oglon Filled 
with a turbulent Fluid. Let AB be Uio surface of a 
.<tr* -'jn 1 1 ned booy and CD be the outci’ s irl’ace jf the 
Layer ( *<’ 1 g . 1). Beciusi* OF viscosity, the Velocity 

on rurfac'.’ \B ••.pail.* •••r*o and, on Cl>, It e'junla the* 

velocity of the F 1 w past th«* st ream 1 1 rie<l body. 
Ther-efire, t. hi.« c* 1 r'*al at 1 on v«'loclty In proClle ABCD 
lll'f'ci’s I’fom sero, which la an Iniloatlorj of the 
’la’d t{j.;icj^. < boundary layer*. The Fol lowing 
a b .itrlar'y l-.ycr can be Imagined. We tak<> some 
llamet cr equal to the t hickness of tb** 1- auri I iry 
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I, -t th»» vMftex JeriitHy In the layer be o; 

• I . I .‘H.-r . i:5t Ic function of flow past the 
'•yilri'lfr j »ti to written In tFie form 
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Pig. 3. where V Is the flow velocity at Infinity, e Is 

the angte of attack, f Is the circulation around 
ttie cylinder, re^'^ Is the affix of a vortex of a layer with vortex den- 
sity 0 and Is the affix of the representation of this vortex 

r 

relative to the cylinder surface. 


Since point z«R Is the Imago of the sFiart) trailing edge, to ful- 
fill the Chapiygln-Zhukovskly postulate. It Is nece.ssary that 
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Wg aasume now that there In vortex J around the cylinder at r^e 
The characterlntlc function of the flow taken the foin. 
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In rulflllment of the Cheplygln-Zhukovskly pootolate, we obtain, 
similar to the pr^'cedlng 
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Prom thlo, wo aeo that, upon aheadlns vortex ^ ‘ I • ^ 

in r anS ., circulation T chanees. Thla, as was pointed out In the 

bealnnli'E, eontradleta the co,,dUlon of preaervatlon^of^ 

rr^t^vorUcop within ihi layer (where, of course, the Thomson theorem 
cirmot be valid, becauce of the ueveopment ol ° 

conn?rucLd, under which circulation f and . do /'f 
po^ltl.n of vortex J. First and foremost, if vortex J loc.dcs to 

Infinity, from (7), we find 
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For example, with cona Idorat Ion limited to thtt simplest klnemat*-* 
model of a boundary layer Indicated In Fip. ?., Instead of the surface 
distribution of vortices In the boundary layer, a linear distribution 
must be used (aloni: the center line of the vortex cylinders rolling 
along the surface of the wing). In this case, If it considered that /^13 

the distance of the vortex line from the center of a round cylinder 
equals R+ R, where c is small, in place oi' (9), wo obtain 
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where a and a are angles which correspond to the beginning and end of 
0 I 2 

the vortex line which substitutes for the boundary layer. 

A general summary of all the pret^odlng discussions is as follows; 


I pointed out this simplest scheme in tlie ai’tlcle "Theory of bound.ary 
Layers," ann tvorsar-y collection Naurhnaya konfo ren ts tya VVA^KA 
[fjclentlflc c^onference of Red Army Military Air Academy], 19**2 [see 
present publication, pp 1-8 ]. 
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We 'jjw apply 
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U >ns of rinl’“ -miilUuJ'' h, i'..' ' f i ■' ^ 

r.h<> rio^ velocity at Infinity V„ , ' ’ ' ' ' 
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Tialna conatant Jurlng lew-ring '*n l r'ltalrr', jhar.-j'- : :ply 'I*'' 

'.'Xtrcme polrjto of the oa -• 1 1 lat lon;’i . 


Lot, In the abaence of flapping of the wing, the -ingle el -ttt m-k 
equal <3; then, In the abacnce of flapping, I’ la ^letern Inci by Ine 
formula 


I' -/’I', si II 0, 


( 11 ) 


In lowering the wing, an aaeitionul relative velocity la obtained, /jjlj 
directed upward and equal to w . In thla caof?, the arif'le of attack In- 


creases by an amount aro'-^^, and the voloelty of the wlndstream takes 
the form _j_ ii,-. 


During wind flapping, at the extr<.‘ine points of the oscillation, 
vortices are shed from the wing, which can cause a change In circulation 
but, If the preceding considerations are taken Into account, the effect 
of these departing vortices on the circulation can be disregarded t 


Under these conditions, the circulation during lowering Is 


determined by the formula 


w. -M ri 


-f Ui'siii^') I arciq"— 


( 12 ) 


If the ixea are located aa shown in Fig. 4, 
clr-nul-itlon f will ha negative. There for<>, for 
r , we obtain the final exprcaalon 
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Fig. 4. 


in exactly the sane way, Vtr the case of raining 
the wing, circulation 
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Conae juorit ly , a vortex street forms beliind the win 
to the Kurrmti streets which form heyonJ harriers, 
rotation In the opposite >J1 root Ion (Fl»$. h). 
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It can be assuiTU'd that the 
width of the street Is h. With 
the period of oscillation of the 
wing designated T, the velocity 
Imparted by the vortices ».'f the 
street to all the other vortices 
of the street by and the 
distance between two successive 
vortlc’os by I, we obtain 


+ tf.dr. (16) 
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As follows from the known Karman forinulas, we use 

«o 

or, by substituting the value of Y fi-om (15), we obtain 

«,! II I' :;'Cus 0 fli y . (17) 
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All the preceding permits us to derive the basic equations of 

oscillates around the center of the square, parali-. 1 to the y 
(Fig. b). 



We calculate the Impulse of the 
force acting on such an air mass In 
oscillating period T . Let the pressure 
of the fluid on the wing give a force , 
with compon(.nits X.Y. Then, the wing 
acts on the fluid wlUi a force with 
»!Orr.pon'-'nts -X and -Y . 

Farther, all the fluid Jitslde the 
eotitrol .'iiirface acts >jn ’.'v I .uld 1 n— 
<!lud-'d In t,h.- volume under consideration. 
Th^‘ •oi-'^i’ypfjnd 1 ng pr'c'.sure components are 
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:'rj.Ti thlrt, the oomponenta of the momentum hav the form 


aiorij.; X .axis 
alop^ y axis 


•iilt{uily t‘ilx)n. 


Consequently, the increment of momentum In time T has the com- 
ponents alonj tv>e axes 


I 

alonn; x axla uj,itjvi,iy f,ix)u. 
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alorit; y axis 


f 

P j" lit j* i,u ily — V ,lx) V. 


u /. 


Further, two vortices pass through sUie BC In perloii T. The 
momentum oarrlcJ away by them has the components along the axes: 
pyh along the x axis and 0 along the y axis. 

By applying the th-'orem of momentum, we -:.btaln the lollowlng two 
equations 

r T r 

— j* \il{ - J i/; Jjt ^{ 11 , ty - i‘,/x)u \ 'i'-h. (26) 
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becauiie of the periodicity of function , equation (28) takes the form 
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Since the velocity of the flow at Infinity Is V , by assuming 

CD 

u r, 4 m' 

and noting that 

— 2 /«'f - (m' — n-)- = (-?)* . 

whei’e w is the charaoterlst ic function of that flow which is super- 
imposed on the basic flow with velocity V^, because of the oscillations 

of the wing and, b'.'sldes, that 
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air.o, : v lnt*‘c.iuolng th*' tac-an roT*-*>’ Alt,h componenta X^, and the 
- .-nalng ne.ni * 1 r.- . ial I jn we reJuco e iuntl^on (30) to the form 

*. .'V. ,v,r. 


To calculate the Integral 


at) • 


we note that the characterlntic function of the flow consists of: 

l. tho ohamctci-Utlo function of the wlndetream with velocity 


V. , l.e., 


‘“•’l* I'..*. 


2. the charactex’l at Ic function of tho circulation flow which 
develops around the wing 

«*•/ y 'll - . 


3. the characteristic function of the flow getieratod by the 
vortices of tiie street behind the wing 

i-, ?(,.*). 

In which, on side BC , w<* will conailer the street Itifinlte at both ends; 
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V rt../X *^Tor-L CO • lup. or Iv'’ Is rlnl'-- . 
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;„ whK-h the orJer of tn.enlt-uje of" on U,o olJee of equoro ABCD. 
M won os the order of maunltude of « on sides AB. CD and DA Is 


By 41o".,Bording U.e flow with velocity In tho resulting formula, 
we finally obtain 
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It is known from the theory of Karman streets that 
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where and z^ are the affixes of one vortex of the upper row and 

one vortex of the lower row. 

By aubotltutlng expression (i 4 ) In the integral Jf jj) 

»c 

I* / ® 

wo show that this Integral differs from integral J C.,:) « 

/W 

term of the order , 

consequently, by enlarging outline AliCD to Infinity, we obtain 

>m r ^ J (j;/ j,. ^ ^ 
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we finally obtain 

l.e,, the mean circulation eijuala the circulation In the absence of 
flapping . 

By .means of the oiuatlon 

«o- 

equation (37) can be reduced to the form 

^ ^39) 


This expression of mean thrust Is completely analogous to the 
know formula for the drag given by Karman, and It Is obtained from the 
Karman formula, If the signs of y and u^ are changed. 

In particular, If the condition of stability of the vortex street 
Is subst ' tutod, I .r . , 
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In which, In the general case, we find the value of h/i , according to 
the constructive and kinematic data from solution of equation (I9T: 


h 

h 



Finally, In the event the mode of flight Is such that the stability 
condition is fulfilled, the following extremely simple expression Is 
obtained for the thrust 


.V^ — coi 'J [^1 t I jf-] . 


(< 42 ) 


It Is extremely likely that the most suitable mode of flight Is 
that when the condition of .street stability Is fulfilled. 
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,ri '‘kl.'it; i' • no i rn • i ft , t J 1 lT'-T-*nt ^jucatlon natu- 

r’llly W* I'-ai.'i- 1 ' •'> fly rvnnrktib ly , but how econonlf^ally 

1' w :'lyV !!'T*o in 1 n »w , une u r! .ion arlatra, which Is not very 
favoi-i! 1? to uuf ! !• '•» (Irui-aft. On tho on.* haritl, wo have remarkable 
vxirr.5 1 V- '■ ‘M^.-tt !n mture, the flight of birds. By napping the 
win*.', ■ y . Juue Lli’t and thrust. They fly noiselessly, ’vlvii high 
speed in 1 to v*'ry grt?»t ilstanctrs, by flapping the wings. Alongside 
are our aircraft with their wildly howling engines, wltli propellers 
making thousatjd.a of revolutions per minute, with Immovably stretched 
out wings; alroraft burning colossal supplies of tho most valuable 
fuel, gasoline, In their engines. Whll<* we have learned to fly very 
well, 5 he economy of the modern method of flying Is under great doubt. 
Of ‘ourse, a basic problem arises from thl.s: to study various methods 

of developing thrust, tlie pttlllng force of an aircraft. Permit your 
attention to b«* engag« 1 by some theoretical consideration;, of the 
problem of the development of aircraft thrust. 

Here, I have to deal with cons Uerat Ions which are extremely fax* 
from moderr; aviation technology and, moreover, of considerations which 
possibly rit'voi* will be used by technology. But, In fact, such Is the 
task of science: to study new, sometimes doubtful and unreliable path- 

ways. It Is comforting here that. In the ca.se of success, these new 
pathways open up the widest possibilities for technology but. In the 
case of failure, at least, reliable Iridlcatlorjs are obtained as to the 
direction not to go In attempts at an engineering solution of a prob- 
lem. 


First and foremost, the following Is striking In the problem of 
the conlltlofi .5 anl mechanism of thrust development: the engineering 

solution of the pr-oblvm of thrust developrn*-rjt by the use of a propeller, 
an airscrew, dlff-r;*. ••aJlcally from the .iolutlon of the problem of 
thrust development tah ui by natui’e, where the thrast which Is used In 
the flight of birds Is develojcl In a completely different way, by 
flapping the wings. 

It Is v'ompletely clear that, for technology, the direct Imitation /^29 
of nature Is 'p’ lonal anil atypical. It l.s sufficient to remember the 
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rirsl- roromo.it, In the nl'jsylcal /.tudleo of N.Yo. 4hukov;'.k ’ y , the 
mechanism of thruat d-'v-lopm* rit by t’lapf)lng wln»^a was not stuJl-.-i 
all. As an cximiUe, I j-res(*nt two at’orrpts to produce a solution of 
this problem. 


In some studKs on the theory of wings, thj'ust. Is <'Xplalned by 
suction generated at the leading odgtj of’ the wing. Th.ls suction actually 
can occur, rogirdless of flapping. If the leading edge Is sharp. Yet, 
alas, the leading edge of th*’ wings of all birds is Just not sharp, 
but rounded, as it is assumed to be oti considerations of the general 
theory of wings but, moreover, such an explanation Is connected in no 
way with wing flapping. 

In a physics course, this explanation Is given: "In flight, by 

means of beating the wings, birds actively produce lift. Here, the 
wing is sonewhat twisted, so that its trailing portion Is bent upwards. 
Becau.'.o of this, the wing surface, oblique to tiie direction of motion, 30 
produr-‘s a forward Impulse."^ 


Yet, the leading part also proves to be convex aliead and, with such 
reasoning, a backward pulling force should develop from it. 

It can be sail of those explanations that a drowning man grasps at 
straws: when there is no explanation even somewhat similar to reality, 

anything goes. Discussion of this question ends pessimistically, for 
example, in Aerod I namka [AerodynamlcsJ of Durand: 

"Kx.act determination of thrust Is llfflrult. We will not Investi- 
gate this p rob Lem. 


t: 

F. . Orlnxel', Kur:: fl:;lk l ('’ourse In ’hyr.U's], vol. 1, Ir.c.ue 1, State 
Theoretical and i’-'chnlcal I‘ul>I'shlng Hou.’.e, lq-{3. 

3 

Durand, Aor od 1 nanka I ' ■ -ro iy tnm I es] , vol. 19 p. 3^7, 
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which w. Imrart to tho ..... 

the gro'iuJ tfununlta pr-. i^oure to tho i:r<iund thr*out:h the air -ind ropoir 
It In tho oj jjoalti; ilr-.-'Ctlon. The foroo which pnehea a rocket rorv;arcl 
Is produced by the loroe of tno cxhau.it ,:ases ejected from the rocket 
by the harrilut; mixture, etc. In a {'roje- 1 ier , this bauKwarl deliection 
of the -jlr Is produced by tne propel ler blades wnleh, by rotating, 
drive tne air buckwirds, as a result of which, becau.s.? of the law of 
action and reaction, th<- thru.Ttlng force of the propeller Is produced. 
Essentl.'jlly, ail theories of pr-opellers are reduced to that which ex- 
plains how, behind a running propeller, the jet of air ejected oy It 
Is produced. Yet, while the deflection of air by a running [ii-opeller 
Is more or less clear mechanically, the backward deflection of air by 
a flapping wing Is completely uncertain, r.lnce the wing flajis In a 
direction per*pend l.'ular to the direction of motion and, conso-iuent ly , 
to tho direction of deflection of the air. 


Another problem. In a cert-iln sense, the reverse of the problem 
of the development of thrust, can -inswer' this question. This Is the 
problem of the development of the drag of bodies past which a stream 
flows. In fact, It is completely clear algebraically that the 
drag Is negative thrust and, conversely, thrust Is negative drap-, 
precisely as profit Is negative loss and loss is negative profit. 


T.hus, we Imagine th'it some obstacle Is fixed in a stream of air or 
fluid, which the stream flows around and which experiences more or less 
significant pressure from this stream. The abutments of a bridge In a 
river can he an 'xamj)le. The water flow presses against them. ^ We ask 
ourselves what I.”, occurn'lng here and fr-vn where ihe pressure of ttie 
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Thuc , In what manner dot,>s science formalize the picture of flow 
past obtained from tests” 

The first try at such I’ormallzat Ion was that of Helmholtz and 
Klrchoff ativl, subsequently, It was il'cve loped with great success. In 
the wur*k.' of a number of other scientists, particularly successfully 
In the works of Lord Rayleigh and N.Ye. Zlmkovskly. This Is the so 
called theory of flow. V.'e easily grasp tlie essence of this theory 
from the following obsoi'vat I ons , which are compl'ctely clear from every- 
day life. When a strong wind blows, we hide from it behind the corner 
of a building. When there Is a strong current In a river, we can get 
away fx’om It In a boat belilnJ an Island. The wind blows behind the 
coi’iier and tlierc Is a cui'ront behind the l.slatid hut Just much weaker. 

Thur> , we formalize the ohenomenon! Behind the obstacle, In.atead of some 
complicated gyrating, but comparat Ively weak currents, assume wo have 
a comp lot ''ly quiet zone, a region of aex’Odynamlc or hydrodynamic 33 

shadow. Thus, instead of the actual flow pattern (Fig. 1 or 2), we 
wlll consHer a schematl ', stylised picture (Fig. 3 oc '0, In which 
zone S, which Is behind the barrier around which flow occurs, Is 1‘lLled 
with a completely statU-nary medium and, at boundary I, which sepai'Utos 
the {’low .'•.one from the region occupied by the r.tatlunary liquid, the 
flowing 1! pi' 1 slid'*:; along the stationary liquid, cjulte the same way 
as a hand slides ov'T’ a well polluhed table. 


As Helrnholt'/; , Klrch'ff, Haylelgh, Zhukovskiy and others have 
shown, such a .sch- m'.' can be subjected to exact mat hemat, lea 1 calcula- 
tion. Tn particular, F^aylelgh .tave a formula, by which the pressure 
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On the other hand. Imagine 
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the velocity profile at the moving 

plate AA .and the points on the diameter of the 
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It Is evident that. If the wheels are arranged 
In two rows, as shown In Pig. H, In which plate 
AA moves on roller's M over plate B which, in 
turn, moves on cylinders over fixed plane CC , 

the coi'responalng velocity profile has the form 
.diown In Pig. 6a. It Is completely obvious 
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within the boundary ’ayer (Pig. t) . We obtain 
'I III ’st. Important cone lusion ft'om this.: .a L 1 

:■ ,S' Iel-‘S of ■* fluid wltbln a hound-ary layt'r 
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W*r row ind, '’’jT.t an 1 

r -'pr’e^i'^rO achornfit 1 ;”i I ly tht* pi’ocosu oi‘ ; atr'’*’’. 

jlnpLoi’t .'.ohcmo, as :';11 jws .’I'om the pr.n'ollMg 'or.sld'-*; 
following: Mic bj>ml:tfy lay*.*r formel on Uio l^ollng side of 'tn t-s’ 

ar’ound which flow '' ooui'S, fr*om tho mv ::h'iril ■•:i L poltit i^f view, 1;; o 
series of air ‘yllMlers or rollers, by means of which the medium flow'.-: 
past the barrli-r rolls; these I’ollers, which schematically represent 
the tuT’bulent matter oi‘ the boundary layer, roll oi’f the ends of the 
barrier at points A and B (Pig. 10), and they are earr-led further by 
the fiull, formlr.g a double checkerboard voi*tex street In It, which 
satisfies the stability conditions. 



Fig. 10. 


close to the barrier 
formula 


The difference of the kinematic scheme 
constructed from the actual fl'-w of a fluid is 
primarily that solid roller's, rolling off the 
edges of a body around which flow occurs, only 
rotate themselves, while the vortices running 
off a barrier set the entire maos of fluid Into 
motion. In particular. If the direction of 
rotation of the voi’tlces Is taken Into account, 
we find tliut each voi'tcx chain gives the vortices 
of the other chain a certain additional velocity 
against the movement of the flow. Calculation 
shows that this velocity, for vortices not very 
ai'Ound which flow occui’S, Is determined by tlie 
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where p Is the Intensity of Individual vortices of the street. 

In a ^’•lm!laI‘ mann.'r, It turn.", out tltat, by the vortices of a Bennrd- 
Karman vortex r.tri*.'' , ’.h'* ontl’"-* mas.s of fluM fl.n- jlng between t-he two 
voi't -?x ”cha Ln.';~ac juTr’.'T v.'locity igalrn-.t t'he dlr^'Ctlon ot* the velocity' 
oV Ino Initial r; ~)W, c.-, Ili sh'.jwn In FI*'. F-l . 

We now li-avc ail tl.e data for explaining the mechan’.an of formation 
of the tiirust of a flapping wing. Fur'iher, we see that beyond a flappin g 
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who'e r * :♦. the vor»»»x !iitenr;lty, b In choivl (widths of the wing, V 

1-he ’■i'f'.tit .;j ' 1 , u I.- ‘i i-rmMty whl.^h >*harfioterlxc3 the camber of 

tti'.’ win: j.'i-l ' ■ • }:c -’f 'ittaek. An expl'inat !i>n of all these 

lii'int 1 : ; d Is ,:lven in ^•’1/. ll. AccorJIng to the famous formula of 
nukov;; k 1 , this luanllty f now ioterm Inos the magnitude of the lift 
of the vilni’ r 


where p Is th*> air density ard s is the wingspan. These formulas, ob- 
tained purely theoretically, are in good agx’eement with test data, at 
the small angles of attack wtilch are used exclusively in aviation. An 
example of a test and theoretical graph of the change In Intensity of 
the associated vortex of the wing as a function of the angle of attack 
Is given In iMg. 12. 

We now apply all these formulas to the case of 
a flapping wing. In order not to complicate the 
matter, wo take the simplest case of a wing, a 
flat, rectangular, long plate, which Is performing 
sharp oscillations upward and dowjiward at velocity 
w. In this case, there la no camber and, therefore, 
a»0, and the graph of change of f has the form 
Indicated in Fig. 13- We consider two positions 
of the flapping wing: one, when the wing is lowered 

and the other, v;hen the wing is raised upward /4^1 

(Pig. 1^1). Whi'n the wing descends, the velocity 
of the flow around the wing Is made up of two 
velocities: velocity V, eijual to the flight speed, 

but In the opposite .llreetlon, and velocity w 
p< t'pend 1 cular to It, directed uf’wards, since the 
wing Is des.cend ' ng . Thus, the re.'julting velocity w. 
forms angle of attack 0^^ with the wing, greater than the angle of ^ 

attack which i.tifi'c would be, If It w'*re not for the velocity of di'scert 
of the wing. In a completely similar narmer, for the case of raising 
the wing, we obtain resulting velocity w,, composed of velocity V and 
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InL’li.Je J Letw*‘en t 
•Voin tlv-:n, dlreet-* 
the oiH^.'leaL laws 
'let on the w!r.»j. 
case Of :’Ofi.iat l''n 
imparr-i to the fl 
reco 1 1 foree i ' : ‘ 

In auaitnarl ?. In^'. all 


-.i' 'he o.:' 1 1 ! at 1 on , a vor'tcx Is shed from 
‘ ii. /.In,:, with Int.-nslty y and Jlrected opposite 
to the llre tUri of rotation of the .associated 
vortex and, at the lower' points, a vortex is shed, 
also of Intensity y, hut Jlreet'-d in the same 

dlr'ectlon as t l>.; associated vortex 
(Fig. 10). Since these shed vortices 
ai'o .rnrrled away hy the flow, a 

double vortex stret't Is formed beyond 

wing, with a checkerboard arrange- 
ment of the vortices but, as Is evident 
from I lie dl .agi'a.m, the ilrectlon ol’ 
I'otatlon of these voi'tl es Is opposite 
to th»' direction of t'otatlon in the Denarl-Karman 
streets.. Thus, we have the following basic t'csult: 
-r beyond a flapping wing, an Inver-se Benat'd-Karman 
voi'te/“street forms. 

The result we have obtained now permits ex- 
” planatlon of the development of thrust in a flap- 
ping wing and its magnitude to he found. In last, 
the dli'ectlon of rotation of '.he vortices of the 
I't'su 1 1 1 ng Inverted street Indicates that both the 
vortl -es thems'clves, ami the entire mass of fluid 
he two vortex ch-*Jn.'. r-ecelve.a nddltlonal velocity 
I hack ft'om the win,: and, there* for’-‘ . according to 
oi’ mechanics, a recoil f.it'ce dli'ectcd forwax'd should 
This Is thrust. In a jult*' .almllar manner. In the 
o*' a eoMV.Jitlon.al heriar 1-Ka!'man street, the velocl'y 
ill beyond a Li..iy around whl.’h flow occurs causes a 
•'■i with tlic flow, l.t the pres.'.ure of the flow. 

•■liat las been stated, we can say: 
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p. 'ritly. the '}i.ply,*!ri iiypothesl? Is not fuiniled. 

’or ’ho c’h.aplyi'ln [lostulate to bo I’ulflll' 1 andor such conJl- 


vor’tox theory. 

Authors working In this area have avoMeJ then-* Jlfrieultles In 
this way: they assume 1 that, In the movement of ext-..-rnal vortices, the 

-"haply, eln i.ostulate Is I’uirilleJ, and change In circulation occurs, 
tiecause of* ’.he cont Inuoun. shedding ot' vortices from the ti’alilng edge 
or the v.'lng, the? ren.ult ol' which .Is the ftirmatlon ot a continuously 
t rallltif! vortex sheet behind the ’ .'.applng wing. However, it apparent- 
ly .*an he considered exj-er imenta ] ly pr'oved that such a continuous 
sheet In not ot-nerved. T-.-sts In the flow channel jf the hydraulics 
iaooratory ot’ Moscow ;’.tate University have shown quite convincingly 
the formation of dln.cretc vortices behind a flapping wing, which form 
an Inverted double vortex street. Thus, tor substantiation of all 
tJic preceding theory. It had to be shown tliat there is such a mechanism 
t>n the w Ing, ’’which permits sat is fact 1 .'M ol’ ’.he dhaplygln postul.ate, 
without sub.o-quently dlsi*uptlng the hislc theorems of vortex theory. 

It can be .di 'wti tint t lie h'-undary layer ef tlie wing Is. such a 
m-nchan 1 sir. . 'he vortices of wlilcii the bounl.’iry layer '-’on;- 1 n.t:. , is It Is 
.•asy to see, do not iffvet the clr*culatlon of the wing, but they do 
• il’r.'Ct p 1.11 ’.on of the s.lieddlng po'.nt of t.lie stream. Hnis, ll tiie 

b lund.i- V* lay.-r Is suitably diatigod In ’ll-' .i;.-d.i!ng of -'xt-rn.al vortices 
from th'* street, r*'conc 1 1 1 at 1 on with li'.e I’iiaplygln postulate, on Uie 
on-^ hanl, and Mr* basl: ass.umptl ns -'f vortex th-n.ry, on tiie other hand. 
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All the theor''rlcal csony Icl^-ral Iona reported -l. ve •; w t.errnlt 
rormuloa to bo obtained, which j!vo the value if M.e • -'Irat -mi 

foremost, It Is eaay to show that this method, which Karman used for 
solution of the problem of dra^;, la utilized for calculation of the 
thrust of n flapplnr? wing. Thorof n’e , the final result la obtain* l In 
almost completely the same way. Karman gave this formula for the 
drag 




In the present case, the difference Is that u, the velocity pro- 
duced by the effect of the vortex street, changes sign, since the 
direction of rotation of the vortices and, consequently, the direction 
of the flow produced by these vortices, Is the reverse. The sign and 
force W change In Just the some way, since drag la superseded 
by thrust in the present case. Prom this, we obtain the following 
expression for the thrust 


r ^ (,/r'[o,7‘» « (J:) f 0.31 1 ("?)•’], 


Subsequetitly , however. It turns out that determination of the 
thrust Is considerably simpler than determination of t he drag. 

— - - , L — k — . • V- „ i^ntensl ly of the 


[n fact, velocity u 


let ermine* 


hrougri 


vortices ol’ the Karman street v by the fommla 


V.V. dolubev, "Theory of boundary layoras," anniversary collection 
Dvadts.-P ' let VVA P KKA Im. ’.hukovskogg 1,20 Years of the /.hukovskly 
Military Air ”idemy of the Workers and Peasants R.-d Army], 19^2 
[see this publication, pp . 1-8] . 
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As the structure of t.he formula Itself shows, the thrust can re- 
vei't to zoj-o or even chance rlcn. It Is of Interest to note that the 
absence of thrust In a flapplnc v/lng occurs, only under conditions 
which are far from fuirillment of the stability conditions. 

The porsiblllty of the thrust reverting to zoi-o In tl»e presence of 
a vortex street perhaps explains the fact, which Is difficult to ex- 
plain mechanically, that hovering In the air without forward speed Is 
possible with I'laps of the wings, as can be observed In the flight of 
a dragonfly and, for on exti'emely short time, of birds which, by working 
the wings, can hovei* in one place. The necessity of fulfillment of a 
condition which. In any case, is close to fulfillment of the stability 
condition, for the development of thi-ust evidently '‘xplalns tlie fact 
of hunting, well known to all, in which game • fi-lghtened by firing. In 
attempting to escape from *"he firing, begins convulsively to flap the 
wings with exti’ome force, but It 'Joes not increase flight speed by this. 
Prom tlie point of view oonslder-vl here, this Is explained by the fact 
that, In ‘his 'Vtse, it i'-parts from th** fllgl’.t oon'MMons which 
produce thrust. 

W(’ know prf*s<*rjt soim*? results. As it turned out, the task ol' 
determination of t.hu thrust of u flapping, wing ird us to two. In a 
certain sense, oppos.Ur {troblems: the determination of thrust and 

the determination of vlrag. W>' now ran supplement somewhat those 
cons 1 lora I ions , on whlrh th»* flow theoi*y of RuyLelgli drag Is 
based. saw that, In t.h.ls t h»*o ry , It lu assumed that, at- the Inter- 

face, a moving, mass of fl'ill slides a1_rig, i flx»-'l wall, 'is if along some 
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r* ' 1 . , j’oun'l whlc’h 'I iJUiTcrit 

' ! ..r"..- b'h'.nl 'h?.^ i> ' ly tinl, 

' u*. • tn t f iti.i forro 1 hero. N.Ye. 
, i «r vri;'*.-x t.fr-ory of Jra»e 
1 , h * ,v ii'T-i r . 1 ih'* i Jea of this t heory, 

1 ■ V. -k Jh - V : >-x h* -ry of fipope I ler» . Ao l3 
: i; ’.- ; t h- • ry that a iV/.tt.e.-a jf vortlcea forrnj be- 

'i.j i’ llliif: }T i-*-llor, wfilv'ii .!ifi bo pre.ientocl In Impl 1 !‘lod form 
la •' V :*tex oylltiJi-r 17). In o'ine, the vortlcea In It are 

;jrr;uj,j»- J al rig th>.' generatrix an.l liori*' r 1 rc’uml*ei’''rK’os L, L,. . . •inJ, 
rnor’cuvfr , axial v.jrtex f romi?. Vi'e will not :!'<nrMer the nxlal voi-tex 
or the v.;rtl.;e3 along the g<i-nei'atrlx of the cyllnJer, alncc they all 
do n )• . roduee t.hruot, bat [u'od ae .rily rot it.lon )f the m'.'llun behind 
the propeller. 

V.'e conalder the vortlrea on c 1 rcumferencea 
L, L, . . . It la >?vldent that they produce 
t I I an add 1 1 1 jnal velocity In^l le the cylinder, direct- 

ed away from the [iropcller, I.-'., they produce 
repaid Ion of the air backwards and away from the 
pi-opeller and, therefore, because of the reaction, 
th'c propeller r’ooelvcc forward thrust. 

If, on the other hand, a body, for example a 
cli’culur disk ar )und which a cui*rent I'l jws Is 
uonsldei-eu, we that a system of vortloes forms 
bf'hlnd 1 , whlc.h .are the bn.*ak lown of the boundary 
I-’lg. 17. layer foi’med on the jilate par.*, which flow occurs. 

A vortex .curfa::e also iVircns behind the body, which 
*3 similar to ’■lie ::arf'ico behind ther> I’op.c 1 i<*r , which Is form- 1 by vor- 

tlct.r. r, L but the ilrocMon ->f rotation In t hese vort Kaos Is 

inV'*rso to ti t; ill •' Ion o!' r’l^t atl jn of t.hc vvrt 1 ;os bodiinl the pr’O- 
P'. 'le.'’ and, ; f -if- , he addltl 'n ii flow velocity t>,(,-y | roduce now Is 
ilrcct.-'l against th*- voly.-lty (“'Ig. IH). 7140 T*esalt of tnls Is the 
.•--•neratlon of forvs along th»* ilr-ctl n of flow of U.e •uri‘on* , I.e., 
Jrug. Such Is th*' yortox ..cheme ' the pheii'ira'non . 

Unfar’tun.a t <• ly , it pre.'-*nt, fro."', •' h.l.i v<hc ex .scheme, ri'it ynly ':ouli 
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•M l!y .■<■ ' ' 1 t.M In various 

1 i -i;% . := •', wi^ rin'i In the workr of 
j, ..fj . t • - 1 . • ;• n 1 (.’:i , t h»‘ "rath*»r of 

. jt only In * i;o 1 <*n'. ' flc Mono 
' 'f. . - o' : ; 1 : r. ’ I ons of IJ.Ye. Zhukovskiy 


i. " .'fTi :ini -ront. Inut: In tho net ho J of 

-a. I all i;l.. .'r-liilnnl j.'lfn’ifl J .lotlwlty, JJ.Yo. 

. ■ .. J , fi V .. jr I r.y. loal s *h*.Tf :inJ oonauctoi 

! • , J 1 It tilnf*, ‘’uiKi mont T 1 jout In mochanl 'p. Mia acl'-n- 

r.lflo or ■ 1 ‘.y that, rru-ohanl m Ir, first nn 1 I'oremoat, a 

rntuial jjlcrue, the took ol’ which Is to ntuJy on»* of the simplest 
{'hrnomtn'i of nnturr', t« .••tuMy the motion of matter. This eaaenco of 
rncohun 1 ’ 0 , lO a naturaJ aclrnce, the ajlmce of nature, cor.pietely 
(li'term 1 the tasks an ! method of neeh-anl os . 


L.e* •h'u’o results on the mc-’hanl.'m 'f the /euioratlon 'f thrust, 
w.’il'.’h W'* olisorvo ••vorywhere In njtur*e. In tFip flight of birds and In- 
sects, wMon I had the honor and satisfaction of reporting to you In 
general .utllm-r. , be a m -lcst gift of pr-ufound thanks for the activity 
of our notable natirallrt, presllent of t he Aca lemy of Selonces of the 
U;ioH, V.L. Kolomarov, tlie Imiiortant date In the reiiowned activity of 
whom we note In the present session. 
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' i'i- • • 1 n j 


of icr •* ! r : ' ’ 1 , 1 ■ ' ;i • r~ 

or i ft , ■ ‘ :* r ■:!! r;,- ’ ' I • * ' « ’ v- *. : .• 

V \ br-i’. Ion;;, f • i • ■ ’ n,: ‘ ■ “ : ‘ • : 1 o • / ‘ • • ri i ! ;.i.' a' ’ ' 

vjrlou:! wlr»t; vlbt i*'. ri ;• ‘ •' ’nll- 

vUumI {'T-bloma of tti'- ^ ■ i. ’ o ’ ' i. 'r*n* 

prnitlGai Importance* of . ;:i ' * ' i ■ 

anco of a very lar^^e numl '.-r .jf ,v. r'r:;'. , •• ■ 

h;ive h't'l a ;-:er*!c:; of excellent w>'r*: ^ I'l. ' • ' * ’ n '? ■ ; ‘i..t. 

.l -c-uio. In a r.frf of the U:i 3 H Ac:i : ■ . - . 

w*.' hoar 1 ;n I r'ter'*;’.t 1 taper by anao’*!? - ' ’• •* 

of 3c!on.*ea, A.I. NoKraaov, !n which th*‘ta* was ' •o . . -v y >ihi 
analysis ef numerous studies on the tlieory of wliit^s i .’..'n;-; •' i 
flow . 


This paper, which deals with the same flel1, t.as a very much more 
molest aim, to report here the consliieratlons on whlcli the methods of 
solution of one particular problem of the theory of periodic motions 
of a wlni< are based. 

Iji October 19^*'*, 1 had the honor of reiiorting to a meeting of the 
genei*ni assembiy of the tJoGR Acs.demy of ndences some most general 
physical considerations , on which the proposed theory are based. The 
purpo.ae of this report Is to substantiate these consld'^ratlons and the 
particular conclusions to wnlch they lead. 

In modern hydromechanics, the theory of wings is a completely /45 

structui'ed part oi’ It, which studies smooth flow past bodies with a 
multiple value potential. In v/hlch the characteristic cyclic period of 
the polyvalence of the potenlial, the magnitude of the velocity circu- 
lation around the wing, has t .e basic role In the entire theory. Deter- 
mination of the circulation values Is based on the experimental assump- 
tion that the sharp trailing edge of a wing Is the stream shedding line 
In smooth flow past the wing. This assumption, the so called Chaplygln- 
Zhukovskly postulate, is the basis of the entire modern theory of wings. 
However, the physical essence of this postulate Is not now completely 
clear. It can be thought that this postulate Is an Indirect allowance 
for the effect of viscosity in modern theory of wings, constructed on 
the basis of the theory of an ideal, l.e., completely devoid of viscosity, 
med 1 urn . 

As calculations whisper, the magnitude of the c li-culat Ion , through 
which the forces acting on the wing are expressed, depends partly on 


Report to meeting of Engineering Sclerivios 3(»ctlori, USSR Academy of 
Scle'nces, LI -12 January ig'lG. Publlsh-l In Izv. AN SSSR, Qtd. tekhn, 
nauk (1946) (Int ed . ) . 
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, •*mU 4.1<', a vortt*x 
1 r'l’ uj.nl ion n jun L 


t . I 1 


• r . 

t;. 1 


'■[ -i 


’f. t.h*- •h' n/-- 'a ;I ri ur 'iifi'l the wlnj'. 

.^n .•••;• ■* ' ” whlch env’lof'a the 


. .... .X . i H tV..', • ri* , 'IS the theory of 

t ;i ••r.-it ion of n vortex 


ni.'t® h^re th’lt 'I, . 

, ) i-.v • ' I- .v'.’u* 1;’. j>hy:i t ’illy V 1 h 1 e In nri lU'-’il I’lul*!, i.e., 

^*,1 . !' r V 1 r.'' >.■ 1 1 y . ’u i e ' ly , ruLllllnent o! 

■ poni’lhl-, «nly by MUe^inoe for the vlycosUy of 

At , r •.’.'Ml , i.. ..H..t >-■: ..•■ilcnt meiuiJ of theoretical 

V' .. ,ri •. ’ r '* v'lty ’ the ej tlieory of b >umiary layera. 

pelnt'ur v’.'W -r hlr. ^ ..-ary, iopnrUn»: vortices are the hreak- 
1 , „,1 ■ "ir'b’.Nrit boui.i ’ry Iiyer. .-ach departlm^ vortices can be 

■I .’crv- I .-.'.o:-’ Iv In '» test. l*’or example, there ar-e exc<?llent 

[. *1 i.in ’!lr;u', which sho'w th«i formation ol depnrt'nt, vottlcos 

It the otv.lnnlr^: of movement of tlie wln^ (the so called Initial vortexj. 

A con;’< uience of all the rea.o.-nlru: presented above Is that, in an 
Ideal fluid, in which viscosity develops nowher*'*, present day clrcula- 
t.lon theory of wln>r.s does not occur. In it, in smooth flow past a 
nodv, we ohtnin not hint; but the D'Alembert paradox. t?rom the point of 
vlf'w'of modern physical concepts, 11 paid helium Is s.uch -m ideal fluid. 
Fr- im the j.'OinL of' view of ’ ho epini ns developed here, there are no 
/.hukovskly forces in Ihiuld helium, tlio flew Is none Ireulatory and the 
1 ' ' A lomb-'r*t paradox Is ex'icl ly satisfied. It Is completely natural that 
it would be ext!*emely 1 nler’cst 1 n^^ to verify the conclusions by test. 

Th<' preceding considerations lead to the conclusion that, with 
continuous change in flight sp.'ed or angle of 

shed continuously from the wing. These vortices ^ carried away 

hv the flow and form a continuous vortex sheet behind the wing LU. 

Since the vortices, continuously distributed over the surlace, produce 
an Lncra^ase In velocity of the flow, on the one l‘dnd, and a decrease, 
on the othi-r, this surface is a velocity d Iseont Inult y surlace. ouch 
velocity discontinuity surfaces are mentioned In all studies on mot. on 
of a wing In a nonstat lonar’y flow with cliangUig elrculation. 

The presence of turbulent velocity discontinuity surfaces creates 
c-xccpt Innal difficulties for tlie cntlr-e theory of a wing .n 
arv flow. The vortlci-s which form !t affect the wing and each other. 
The effect of these vortices on e-jeh othei- p,ener I'l ly results tn ri-eaK- 
dowri of tr.c sheer, since It cm bo shown that ouch voi-cex lormat-lons 
Mt-’ unstable. The breakaown of i vortex sln*et j-esults in the ‘ or*ma a 

of some system of discrete vortl <es. The effect o! the vortlceo cn the 
vort ices on Hie wing is r'-duced to the void Ices changing the velocity 
•u’ound tin; wing, whlcli ’ompl Icates ci Leu li 1. 1 on of the forces acting on 
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1 Vi*. ' , In riori- 
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vlv, relative to the Torm 
irr.ple, In wing vibration 


. , • -iviono , we r.i/C* JJ-m-.:,!. ----- - 

Clone, rn Uu* care of Irflnltely omail or>o 1 nations , which limits the 

problem ■-•xti'emely . 

T would like to emphasi/;e here that the dlffloultles mentioned 
nhovearenot of a mathematical, bu t of a pu rely Physical nature. ^ 
..tto ^nsUT ts o^ uncertain ty the \ ! vn^ -ind 

^uTI for:nall::e the process^ occur rlri^ . ibO' ^ ' 

the dei'lclency of^nTls pHys leal scheme cannot be replaced by 
feroutlal or Integral equations or other matliernat leal means, however 

complex they might be. 

The theory which I am attempting to set forth here is based on a /W 
certain physical scheme of the flapping wing phenomenon, which is 
oompletel/dlfferent from that Indicated above. In this case we 
restrict ourselves to the case of a flapping wing somewhat artiflciallj , 
but we transmit the basic physical scheme of the phenomenon more dls- 
tlnctlv. We assume that the velocity of rise ol the wing w and the 
velocity of Its descent -w remain constant during raising 
Subsequently, it is ea.sy to determine that the same scheme, without any 
chLigerc'n the basis of a theory of flapping wings, in the general 
case, when w changes by any rule. 

T’’ie physical hypothesis which Is the ba.sls of the present theory 
1 .. *’,llQw.i: In flaps of a wing, a cont 1 rmuua y orte j^^hj^ doo^^ 

sooai^ate frL It but, at tf; U^.p— nd-TIrwer polr^ . of the osclUa t ^ ^ 

'/(irtlc'cs are suiod from the- wing, w hlc'n lo i' m a double /oi t* x ^ -ree^ 1_ 

tl7 ^.~nar i-rra'mian street type b'ehin'i tlie~ -^ing . 

First and foremost, wo must sb.ow .how the Chap lyg 1 n-^.hukovsk 1 y 
Dosi ulate and the Thomson theorem can be ;;:i^ Isfled In such a physical 
scheme. The fact Is that the vortlc-s of the street shed from the wing 
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In thlij oaar, lot the trailing o'’ t lie w'.nK 

eorrfr.pond to point . In thi s represent a*. 1 ^n , 
the turb’iU-nt hourulnry layer arourul the w 1 n^t cnnn^jos to turbulent layi.-r 
S around the sui'l'aco of a cylinder. 

By urlng the conventional method of reasonlnr;, we obi-aln the follow- 
ing equation wlilch, In the present case, satisfies the characteristic 
function of flow past a cylinder 
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where V Is the velocity at Infinity, 3 Is Uie angle It forms with the 
X axis, r Is the circulation around the cylinder, re 4 * ^ Is the affix 

of the point of Uie turbulent zone with vortex density 0. 

As Is known, the applicability of the Chap lygln-Zhukovskly postulate 
leads to I’equlremcnt that the velocity at point 2*R on the cylinder 

equal zei’O, l.e.. In order to full’lll the equation 
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from which, 
expression 


for the circulation around the wing f, we obt.aln the 
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Ui fj 1 ‘llowance 
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(i) 


?r.- 

, :■(•;?.• 1 1 . : 
;• 1 t.., ■ 


, t;*- lerl .a:, '..'11 r>f •* ' :,r. ."O.juli-es that px- 

' 'j .vjui'l .''•-•f'O, w,' '..-h i.'ca ’ r-’i'ili-c I.e., the absence 

' r.t t ■ .n.lrir'y ’ ,vt?r . 


An K], I, [ ) .'.i.wn, th<^- V'jftlres o:' t-he ti'unJary layer io not them 
.;rlv'>n ; r* luce the 1 1 t-eu 1 a t 1 t»n , since • hi-y are Included by pairs with 
'n’'n.n ’•;/ +■' in.j , but 'bey a‘T‘--t t i. • circulation Indirectly, be- 
• !uc. ' . ;* fuir! I iri<*r.t. -r th«* 'hnpljv^ln-Zhukov.-.kly postulate, since 
tl'y ri.t« p.ritlon •; !’ the .’hedvlln^* point. 


h 1 . 1.') shows that, with change of V and 9, circulation r can 
r-fmaln .ns^uit. If the ch.unge of V and 0 are compensated by the cor- 
ro:.pen!lrig jhange of o, l.o., the vortlclty of the boundary layer. 

An equation analogous to (2) can be written, for the case when we 
have one or more departing vortices around the wing. Analogous reason- 
ing leads us to the conclusion that the effect of the departing vortex 
on the circulation can be compensate-! by corresponding change ol‘ the 
vortlclty of the boundary layer, so that, on the one hand, the 
Chaplygln-Zhukovskly postul.ate will be fulfilled (by virtue of the 
fulfillment of Eq. (?)J and, on the other hand, the Thomson theorem 
will be fulfilled (by virtue of the constancy of r;. It Is evident 
that such cornpensatlon of the change In flow by a change in the boundary 
layer Is possible, only until these changes cause breakdown of the 
boundary layer. 

Thus, the hypothesis on which the theory under consideration Is 
based consists of the following. In the transition of the wing from 
the upper point of the oscillation to the Lower and back, the effect 
of the departing vortices on the position of the shedding point is 
compensated, with constant f, by the corresponding change in structure 
of the boundary layer, so that the Chapiygl n-Zhukovsk ly postulate Is 
fulfilled. In this case, the cori’ospondlng change of the boundary 
layer Is quite small, so that It docs not cause its breakdown. At the 
extreme points of the os.; 1 liat ion , boeause of the abi'upt change of 
flow pa.st conditions (angle of attack), such compensation becomes Im- 
po.sslhle, an! the boun-lary layer breaks down, shedding the departing 
voj'tlces . 


From this point of view. In oscillations of the wing, the boundary 
layer does not l)r’»-nk down .-erit I nuously , shedding more and more new 
vortices and fermlrig .a vord ex sheet. Houndury layer breakdown occurs 
by Individual drops, quants, at the upper and lower points. In the 
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; •> 1 . of the fl Ml i 

t < T. ~ .rTi'»r~ uC iiiO 


f' : :-p' ' ‘y •: r ‘h!’ , ■ .. rn--/; '•/ ’j rt. ; ‘ho CvUiJlt J.0M3 

i'. r* 1 ir’.l !*y ! ■.' j i ! 1 1 : irr. ! .• o-* •••!•;•■ j , ,.e o JuM ♦•x.'jcnly 

V •*; ' ' ‘ 1 i: -* p ’! i- •, -onjo jLient. ly , we 

1 ::i.’ L • r • .jt ^ ’"rf i.’p/ | I ' ■ y f > t. ho 30 f* , \n 

Tfi*' I p r -■ Oul' y ■ .••.a’.'" .. 'ull not. hr» nocdel . 

1 ur lt:i.y, . r- r. ] .... .-.or-k on tiie boundary 

r'. w « II' ’ filn^; wf ' :u of lla Ht.'dilllty. 



i'h" i.l.jpt-.d per-Tilts letormlnat lon 

>(’ . I o’.’ t •••.'uifirig ’/or’’ox ntroct behind 

' ' e .'’np.. ‘ 0 ^ and 0^ be the ant^l(.»3 of 

!*• t'k In . .. . ’ind raiding the wlt.-g and f, and f-,, 

1 C 


.p III ! nrly , be the elreulaMon of the w!ng when 
iowr-lng and ra 1 .* 1 ng It. Then, noting that, In lowering 
'’If. 2. 1 he wlrii’, the I’elat Iv veioel’y is directed upward 

an'i gives an Increase In angle of attack of arotg ” 

(Fig. 2), from, the known formula, we obtain an expression for circula- 
tion In the form 
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r -'-Mn( v I 'll -f- .uci;; 

' * 



In exactly the .same way. In raising the wing, when the relative 
velocity is dii-ected downward, we obtain a decrease In the angle of 

attack by arctg ^ (Fig. 3) and, for the circulation, wo obtain the 
expression 


r/>l 





where « Is tnc camber of the wing skeleton. 



Fig. 5. 


The re.su 1 ting formulas are v.alid. If the effect 
of the iopartlng vort !co;; I 3 not taken Into account 
b'jt, because of tile pny.’.]»’al Hypothesis adopted above, 
tiiey will be valid in tiu* presence of vortices since, 
i -eor Jlng to tiie hy pot ho'.-. 1 3 adopted, circulation f 
doc.i not '.’hange, if lowering or raising of the wing 
■ iiMnuc’.s without restriction, witen the effect of the 
vortex street can n*. j I ^regarded bfcause of Its remote- 
ness . 
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In jullc thie anno mannf'r, we rind that, at the jow<-r ptitnts of th»* 
oso 1 1 . la c 3 on , vortices are shed from tne wing w'th circulation -r 

ThiUs, a double vortex street Is geruruted benind the i'ia{)plng wing 
with the direction of rotation or the vortices shown In r'ig. The 
width or the street can he considered to equal the amplitude of the 
ObCl nations of tlie wing, because of tne hypothesis made above. 

Let the period of oscillation of 
the wing be T. Let u^ De the velocity 

aided by the vortices of the street 
far from the wing by all the other 
vortices of the street. Then, fai- from 
the wing, we have (Pig. 
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Since it is known fr’om vortex theory that 
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The physical /.cheme op the phen orraion aaaumed here haa the Pol low- 
ing advantagea over the achene oP the -ontlnuoua vortex sheet (vcloclt.y 
discontinuity surface). 

First, the suPPlcl .nt ly d--v*-loped t.heory of vortex streets permits 
study oP the luestlon oP their stability. Numerous theoretical studies 
lead to the ’.oncluslon that the stability conditions given by Karman corre- 
spond to vortex formations which, in any case, are more stable than ail 
oth'-r voi’tex oonPlguratlons of a similar type. Numerous experimental 
data confirm the same thing (Benard et al). For actually existing vortex 
systems, these data gave quite exact agreement with the theory of Kai’man. 
The existence ol’ vor'tex streets behind a flapping wing was confirmed 
experimentally In the lahoi’atorles of Moscow State University. 


Second, the scheme obtained here cl'vlou.aly Is applicable to dlf- 
I’er'ent types of change op velocity w, :-.o that the very law op oscillations 
can take diverse forms. 


Third, this methoJ permits complete Investigation of the dynamic 
aspect op the problem; determination of the forces which act on the 
flapping wing. We now jiroceed to this problem. 

As Is known. In the theory of tui’buient drag, a similar problem 
was solved by Karman, by the use ol’ the theorem of momentum (Kuler 
theorem). Perhaps, It does not Interfere to dwell somewhat on the 
questions of metliods whl«’h arc suitable Pur the solution of dynamic 
problems In Uicor les oP nonsaat 1,otnr*y motion. 

There are two methods of solution oi' dynamic problems In the 
theory of wln(-;s. ’'n*' of i Iv’in Is bail'd n i >ie ur.i‘ of the ,*ener.al theorems 
of dynamics ( th«'' ’i-enis of 'r.omentum) anJ the uthi'r, on direct calculation 
of the pr>-.a;ure on a unit ;‘.;rPa'*e of the body. This method, which is 
extrem-.'ly conv>nl<-nt In Mie simplest .•ases, was usei system at lea I ly by 
o.A. Chap ly.*' ri , who derlvi*! the first general .'quatloris op the theory /‘'(pl 


'17 


A ; r. . 

’ I 

’ ( . ( ’ I ! 


, • 


I :i ! . 1 •' y ' 

ti . 


, . 1 I V 

• 1 ti.' 

l !■ 1 e 1 

■' n * ' 

•« r.‘ a ! t )i»*orem!» o f 

1 k « 

. 1 r-- 

’■= ?■; ) : ; 

; [1 f ’1 ; 

r,.i .. . oi itoncn rn 

I r tig 

■: I-, ri 

V • ’ < 

' t!.' 

' J I 1 ■ ■ 1 ln*‘S , 

r . pr.. 

•* 

. 

•. 'r.e 

. ; 1 : ! • ..-I ng ma k"8 

• t ) . • 

, n . 

' a ioe 

• • < . . • . 1 

, ( .•un on the 

c .• vf'S ' 

1 :f : 

t ■ f ‘ ^ ■ * . ’ 

♦ , 

. , ' I ) liy t he 


• n : t •• 

•• 1 . " 

♦ • . 

I ry r.t Ion. The 

•I,.- r 

' m jC ' 

: , Ir, 

r, , 

i* ravjulr’es knf>wl- 

t ..''tlie 

1 l.-.t a-t • 

«• :*;■ 

‘ t 

t )jf flow til ways 

'ilar f 

,) rm 1 r. 1 

lev els ‘ ' 


;• iCt.'rl st 1 c S Wt: 1 I’h 

■i. i.’.t ‘ 

•. .-y fi'i 

l \ n. 



* i 1 

; M-i‘ , 

1 .. ■ , . 

M * ■ 

1 1 ’ulnt Ion ot’ t tie 

. ” 'a ' 

11. • 


■* b»? 

cti 1 r u 1 a ted , eV»‘M 

1. !• •. 

.TlI • ’ .iM 

’I’ . .n-o 1 • ' 

: i jw pa 

St it. 



I * ; * * o • • ' J J w * 

of the 

theoi’y of a flafi- 


* ^ 1 1 * 
1 * 1' 

^ ! r> ' , t lie t 

as. '.o dyi 

aamlc e luat ions 



t : 'llowiri.; form. Tho Jlf'Ct *if»pllca- 
^ ! >n if *hf? t.h''or ‘!n of momentum to the ulr 
• iji5 1 In i LHint.i-ol space, plotted 

- In rect-arifc;!" 1. (FI.*. S) , leads to the e'lua- 
tlO.M.-l 


Pig. 5. 


• # I* • 

.V \ ixfy ^ j '.u.IXity, 


where X, Y are 'the aomponents of the for’co acting on the wing and S is /462 
the area '’ncior.cd between outline L and the wing profile. In this case, 
the derivative with respect to t in the second part Is the substantial 
derivative, r.ince it does not concern the geometric outline, but the 
mass of fluid enclosed In it. With this taken into account and by noting 
that an amount of fluid p(uJy-vdx)dt flows through an clement of outline 
L in time dt , we I'educo tlie equations to the form 
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and, from this, 'i:*’..,'r t’onvent lon:i 1 )fanr format ions and Integration with 
respect to t within th-* per-lod, the following basic equation Is obtained 
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han't L -jauco of the f.'i r:at l*n of vortex pnlra In prrlod T, the momentum 
within the euntro! rectangle; Increaroa by the amount pyh, directed 
aenln;:t * liO flow. I'ner’erore, to the forces tor the componen-o In o 
il*rectlon of the flow, obtained by the Chnplygln-Blas 1 us formula, there 
also must be added the Inci-oment of momentum per unit time due to vortex 
for-matlon, equal to 

?V* . ,1' \ 
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Prom the point of view of the formula derived above. In the present 
case, we obtain the following. 

If we take mobile outline L, moving with the velocity of the vortex 
street and the dimensions of the outline are sufficiently large, with 
respect re those axes, the mlUile term or formela (11) Is not Included, 
since the Lagrange equation must be used In the form for steady state 

flow, 1 .e . , 
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The Kannan furmula la derlveiJ In approx Itnatf*!;/ thn aamc way by 
Karman himself. In the Fuchs-Hopf monograph (7] and In (lolubev L8) . 

The -langer of this kind of x*easonlng, not reinforced by detailed 
analysis of Eq . (11), Is clear from the follov/lng erroneous i*eaoonlng 
of N.Ye. Zhukovskiy \_ 2 ] . Since it appears at first glance that the 
change In momentum In the period within the control space of fluid Is 
securely connected with the flow past the body. It Is reduced to the 
departure of two vortices from It, which carry away momentum equal to 
Pfh, which corresponds to a change In momentum equal to 


Zhukovskiy assumes the drag equal to the resulting expression, l.e., 

•V- 

Instead of formula (13). The error of such reasoning is that the effect 
ol additional velocity u^ In the band of the street, directed against 

the flow, which produces an additional escape of fluid at the sides of 
the control rectangle parallel to the direction of the flow, with the 
corresponding charigo In momeritum. Is not taken Into account. 

An extremely tfiorough analysis of the phenomena which occur here 
was given In the eour'se of N.Ye. Koehln and N.V. Roze [3] where, by 
painstaking study of the change In momentum, expression of the drag (13) 
given above, was obtained. Here, the authors did not use any general 
formulas similar to Eq . (11). 

The erroneous eonciu,;ion of N.Ye. Zhukovskiy presented above shows 
the danger o{ reasoning similar to the reasoning of Karman presented 
above. The unrel lab 11 Ity of the resulting conclusions Is clear, if only 
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Howovfjp, tho oonelnalon of Synt^e pontalno a rieunt < fi-op. 

Synge uoea a contpol peetangle, whli'h 1 ;• flxod point Ivo to the t ody 
around which flow occurn, so that a palp ol* vopt le **3 of the street 
loaves Ita bouniarlen In the p»Tlod. Synge eons 1 d#*rs that the expression 
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because of the periodicity of the motion, equals zero. Consequently, 

T 

the matter Ir reitjcel to calculation of the expressions j*,/, 
and J*I ■—< </y). * ^ 

L 

We decide on calculation of the second integral. By an extremely 
complicated and confusing calculation, Synge obtains the value of Yh 
for It. However, without any calculations, it Is easy to show that this 
Integral equals zero. 

Actually, let 
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but, because of the periodicity of the flow at point (x, y), with moving 
coordinates , 
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It l;t highly likely that the error of Synge, besides Incorrect 

calculation of the Integral /</v). further , Is the lncor*rect 

1 . .• If 

I 0. 33 a consequence of which, the 
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momentum r..*moveci by the pair of vortices leaving the control rectangle 
la not taken Into account. 

However, with a very small change In the method used by Synge, 
it Is easy to obtain the formula for turbulent drag and the force In the 
case of a flapping wing. 

In order to avoid the difficulties Involved with allowing for the 
effect on the value of the Integral of the singular points which pass 
through the control surface In period T, It Is sufficient to use, not a 
fixed control rectariglo, but one moving together with the vortex street. 

Here, as It turns out, calculation of the Integral I , which 

docs not :-quai v.ov<> In this case. Is extremely simplified. Thus, we 
obtain the use of a calculation which, In a certain sense, connects 
thf' tnethoil ol’ *^,'/nge and the method used by N.Yt- . KO ’hln and N.V. Roze. 

If a rectangle is taken, with sides In the direction of 

n>w am 211 perpVndl cu.lar to It, "a i eu lat 1 on gives the following values 
for the Integrals 
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We note that, In the absence of primary circulation around the 
body past which flow occurs 
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obtained from (19), with change In the sign of u^. 

For the case of thrust, It is more advantageous to write Its 
value through structural and kinematic data. By assuming 
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•1 of 1. ii.‘ Zhuk'JVr.l-: 1 y theorem (Fig. 6). 



.•Irioe, !ti flap:; of the wln^% the direction of 
1 ,’ie reaultlni^ veiejrlty c’han{je;j dui’lng raising and 
li'wrlng of the wln^t, thrust component of the 
Phukovsk ly force (Fig. 7 ) luring lowering and 

drag 1^2 (Fig. fl) during ralolng develop alternately. 

Q. g.~ 

If the mean hr-ust during an oscillation Is CJ»_iZ_£ 
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we obtain the thi’U.st <‘xpri.‘ssed by the formula 

If the value of Q Is compared with tho previous- 
ly found expression of the force X , It turns out 
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that Q>X^. This becomes clear, If It Is noted that /471 

the departing vortices Increase the down wash when 
Je.sccndlng and Increase It. In rising. 
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the lift 


We consider the dlffererioo between the greatest possible lift and 
1ft sufficient to keep the flight vehicle in thi' air 

-rd ->(4 f-*'. ) i **o)- --'I ■'’b*. 


Tc a certain extent, this value Is analogous to the huoyance margin 
V » Vnr an a!rci*al*t. It can be callt'ti the lift yh'/o 

follows^ from the preceding that an aircraft wing can 
onlv 1^ threvent It has a lift margin. If there Is no lilt margin 
durhig flaps of the wing, tne aircraft will lose altitude, l.e., drop 

downward . 

All the orocedlng conclusions wi‘re re.'iched, on the assumption of 
the ..Jlstenco'i'^v^^^ :-.treet behind the flapping wing. Consequently, 
the^e conclusions assume stability of vortex stJ-eets. It Is easy 
show that the stanllH.y conditions superimpose dependence o I the oscilla- 
tion perlO'.l ‘at g’ven V and w on the dimension ol the chord. 
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by the formula 


As an example lilusi i*atl ng the conclusions obtained, we consider 
the following particular case. Let a*0, 5*0, V»lo km/hour* 
‘j m/seo. We th.-n have the following results: 


1 

1 

h 

(•,.■» M 

0.1 .1/ 1 

0,01 .« 

■j> ! 

T 

I,' 

1 

0. 1 

0,0 1*1 


.V 

1 

IIV. 1 

l'.« 

.’S 

1* ^ 
- 0.. 

/ 

II, il ivA 

1 

o.i c.Aa 

<1,01 eVN-a 


1 




,v 

> ' 

10 

lot) 

«’ i 

r 

j 0.17 i.*va 

0.0 1 iv«a 

O.'K)! ^ 

V “ 

f 

‘ 1 

it 



Key: a. sec 

Thus, for a .Ming of specific span and with given velocities w and 
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In fonoluilnr my rop o*r , I 'wlr.h to ohow that there are a numhtn* 
of phinonena In nature an>l In en-lnoer Ini*. the 

ami theories of wlileh 'ipparently ai*e most elouely eonnecteJ with the 
theory of vortex atreetu. Here, 1 deal with a number ol problems 
ru'.sor 1 atod with the ,;erierat Ion of' tliiuat In nav 1 tliat Ion . 

The olmpleut example la the i:-*neratlon of thru.at of a boat 
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phenomenon acemr. eompletely elear. In rowln^t, we > 
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required backward momentum to generate thruat. However more attentive 
examination of the phenomenon ohowu that It la not so simple at a . 
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' * !• ! I)'' V.V. .■'•!! vHn ''ll, on the nei’han I of I'^nera- 

■ ' *■ ■ } :• 'i .!.Iv- ;■ ••• l y I'on.-.’ riuM 'll oonplctely 

: ! ; f'-: ■•'It ■•.n;-.* !••: tM ri.-, 'm the uni1u I'lM m* , alriuoua movements 

• !' ’h'- 1. pi ty -in j-i ’int p'irt. l''rom the ^.olnt of view of tlie 

■ j ■ I '!■ ri.' . •! -i .-i lu'fe, the l'I;ih tall pi.r-fonm;; completely the 
ee I. p.’ r.'ei-n o'lf. .'he extremely eomplle'itod twlntlnj:; motions of 

’lie tal!, pei'liap.-, are a very iellcati' rnt.-ehan ! am , 'which forces tlie 
voi'lTc’ s to leave only with the yi-eitest clef loot Ions of the tall. Of 
course, th’s Is a ivantUfyeous fi'om the polfit oi’ view of the turbuli.:nt 
nature of the tV’t‘t>rat Ion of the propulsive force. The format Ion of 
iiulte Inttnu.e vc»r'tlces hchltiil a ;’.wltnmln>^ fish Is In favor of such 
vortex oonslderat lotis . I’helr presence has been ilelt’r’m Lneil expei’lmentally , 
for example. In the photOf’jraf'hs of 'Irey. In the theory proposi'd by 
V.V. ;>lr: l-W k I n , these vortices are consldcrei a ust? I '..'.ss expenditure of 
energy on I tu.' ! denl.a 1 phenomena while, from the point of view of the 
Cons Iderat Ions dt.'veloped hi>re, these vortlei's, which carry away some 
of the momentum of tha fluid, cause the C'^’^erat Ion of the propulsive 
force. It may bo In I'avor of the theory develope i here, that the head 
and body of the fish hardly oscillate during the work of the tail, /i\ 

similar to the hull of the boat during operation of the stern oar [b] . 


/‘ne 


It .:oems to me that all the preceding shows, to a sufflcletit ex- 
tent, wlKit .’;rcat Import-mce vortex motion has In explaining mechanical 
phenomena In nature and In engineering. Ib're, perhaps, It Is pertinent 
to recall the words of the foiindor of vortex theory, Helmholtji, which 
N.Ye. V'.liikovskly put in an eplgfiph to his lectures on the thooi-etlcal 
fouMiat leans of aerial Juvlgatlon: 'Mo far as l. can decide, at the 

pia.'senL time, th«'r<> l.a no Lasts for not using hydrody nam Ic equations 
for precis.t: expri .’..5 Ion of the laws whi<*h coniroL the motions of a 
fluid on.iervo'l ^ n r'-.'a I j ly . " 


Amoti.*, th' ccfitM-al hydrodynm Ics oquitlons, the equations of vortex 
theory, in j'a rt 1 cu . r , ; he pi'ops.'i’t 1 cs o*' vortex st’*eets evidently are 
of "xcepr. Iona I I mp :>r'’ anco . Yet, In thcorlo.-. of such ilrciomona, we 
still have a gr<-at many 'ompleLely 'in 1 tive.n. 1 gated questions. Mere, 
first an 1 foremos.t, t,*v -'011111 l.'tis of vor-tex formation as 1 result of 
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I ! kf 1 y that, he re , the 

explanation" of that paradoxical phenomenon that Insect:: .ind small birds 
can produce lift wtne-. u*t*vj 

hidden . 


by the work of the wings, wlt}\-jut ir.j/lng forward, 1 .a 


Finally, from the point of view of the application of vortex 
streets to phenomena observed In reality, there Is great Interest In 
developing theories of periodic vortex motions with Indefinitely dis- 
tributed turbulence, of which vortex streets are only a limiting, 
highly schematic case. 
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• . f .O' -I .,<• finit.<- ■ in 1;-., f a h'-t^hly par- 

• ’ .iji' of t) -- Ml - iry of ; w of a eurront pant a body, 

i.e., f ^he o 1 o-ij Cl I pr’l.l -n whl •(: .j iM.r.ictri i.he .attention of 

. .ln<**‘ tli>- t t rno f Kiltr -in: [) ' A I "mbert , the foundero of 

I y-j;' jHi- -i'/iM I . V--‘ , 1 .‘.j Ito . -r. lovia nanhor *f Httenpto to 

•ocolvo tt.o iueotloh of f 't'i-es with whlelj a flow pant a body acta 

n It, ‘ ht' thoor-y ‘f flow I'vjl a body In In a conpUtoly rudimentary 
•t-it.o. If the u*i ’.vil :it idles of f, token on the flow of a viscous 
n tM : . • a , subsequently jupp It-ment ed by Ozeyen, and the 

famous results of Euler* 'ind D'Alembei’t on the smooth flow of an Ideal 
fluid past a boiiy, which r*eoulled In The famous Euler-D 'Alembert 
paradox, we know I'ractically nothing about the general case of flow 
post a body. There Is no doubt that the reason for this Is that wo 
have no clear concept of the structure of the wake zone. In which the 
effect of features of the flow ajipear, which develop because of the 
presence In It of a body pa.at which flow appears. Any construction 
of a theory of flow past a body bcgln.s with the construction of some 
physical .scheme, which approximately repi*esonts the structure of the 
wake zone. In essence, we now have only two attempts to rcpreserit the 
structure of the wake zone. 

First, In gi'nei’al, accounting for the wake zone can be rejected, 
and It can be considered that it does not exist and that there Is smooth 
flow past. This assumption leads to a clearly cxpre.'oed contradiction 
to tost data, to the Euler-!' ' Alembert pai*adox . .Second, It can be con- 
sidered that the wake zone Is a region filled wltii a medium, which Is 
fixed witii respect to the body past which flow occurs, to which It Is 
adjacent. Tills hyj'Othesls leads to a theory of flow, which has been 
quite well develojH-d for the case of j'>lane parallel flow and Is complete 
ly undeveloped I’oi* th«‘ .'ase of three dimensional flow. It j'ermlts 
calculation of the drag, but the !*--sult, Ing v.ilue of t he dr*ag proves to 
bo ajiprox l.mate ly half that actually vi^served. Besides, such a scheme 
evidently Is s'orup 1 et e ly 1 napp 1 Icat) le to the ease of flow jei.-.t wing 
shajjed profile;', at small angles of atfack. '"he reason the theory of 

r — ■ 

Paper at Lomnn ovsk ly '■■•ct u , 19'<7, It'd 1 c.at.ed to the lOOt.h birthday of 
U.Ye. Zhukovskiy. I’ubLlshe.i In Uch. zap. Mill , Issue l'?2, vul. 3, 19'jl 
(1st ed . ) . 
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A ••■c:*,' t' . w’np . spun Is the Tlrst significant success 

In " he- * : '• <ry jf ’ flow of a fi‘ IJ past a holy since the work of 


The secon 1 slgnlfl ’unt .suoct ss Is the I lea proposed by Karman, H 

-'n which the theory of voi'tex ;iti‘eets Is bast'd. The remarkable scheme | 

of stable streets undoubtedly Is progress In study of the structure of T 

the wake sone. Unfortunately , we have not yet completely calculated jJ( 

the drag, since the circulation of tlio departing vortices remains un- 1 

known. Bosl>les, there are great Jll’flcultles in transfer of the basic 
scheme 01 a vortex street to the case of flow of a fluid past an ar- 
bitrary body. , 

Px’obably, further success In solution of the basic problem of the 
hydromechanics of the flow past a body Is connected with the question || 

of study, en tlie one hand, of vortex formations of the vortex sheet 
type beyond a wing and, on the other hand, of vortex streets. 

Wltn the problem of determination of drag, the problem. In a certain /^ 8 Cl i 
sense the inverse, determination of the thrust of a flapping wing. Is 
closely connected. 

In some pap'-r*s I have delivered at the USSR Academy of Sciences, i 

I have snown hiow the tht-or*y of vortex streets can be applied to the 
calculation of thr*ust. A paper It; pre.i.t deals with the same problem. 

Ar:;ong th.‘‘ d 1 f f^rent crises of flight, with flapping wings, absolutely 
remarkable from the hyurodyiirimlc point of view Is flight "in place" or, 
as biology calls it, "^ulverliif; flight" when birds or certain species 
of Insects stay > xt,rc'fiely stca.illy In place by v/orking the wings. I 

Such f 1 1 ght 'an l”,* , I'or* ex'irnplr, by the di.agonf'y, some species 

of fly and small lilrds (hummingbirds, hou.u? martins, etc.). 
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A’» — 0,ov,/>V'*cos j^»Jn ? * 


where b la the chord of the wltjg, w Is the rate of rlae and deacera, 






in which and 0^ are the angle of attack In lowering and raising the 

wing, respectively, and u is the angle which characterizes the camber 
of the wing. 

We aee from these formulas that. In the absence of forward veloc- /U8l 
Ity, l.e., with V-0, the lift reverts to zero (Y*0), and the thrust 
retains a value different from zero, 

hi i'i»5 j coj 'I, ( 1 ) 

Consequently, It Is natural to look for an explanation of the de- 
velopment of lift in the absence of forward velocity In flying birds 
or insects converting thrust Into lift, oy means of change of the posi- 
tion of the body in space or by means of change in the nature of move- 
ment of the wings. 

from the theory of flapping wings, we have the following expression 
for circulation In lowering and raising a wing 

l\ --r.h\ V> . u-» : 0, . ..M- 

and 

I - - -f> I l'-’ - w- Kin ( ‘ f hj - j : 

whence, from trie assumption that V»0 and that the wing 1m symmetrical 
(i.e., u“0), we obtain the following expressions fo" rlr-euiatlon 
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and, therefore, 
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As a result, for the circulation of the vortices of the clepartlnr 
strebt , wo obtain the following expressions; ^ 


for the vortices of the upper band 

Vi " (I'i— ‘ • -'R^i’^siii a 

and for the vortices of the lower band 

Vi’ 'Vi — 2r/>..’aiii a. 


( 6 ) 


( 6 ’) 


We now can calculate the thr*ust and all the elements which char- 
acterize the performance of a flapping wing In the condition V-0 
under cons 1 deration here. 

Since wo find from the formulas presented that, 
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■i 2 'i *•. !<;. ?, wo obtain 

• ’ 1 .'n^ valuoo for lift 

I -iiti ruat X: 

•V o, I 

y I ^7) 

It Is of Interest to com- 
pare the resulting formula with 
the lift formula derived In for- 
w'lrl night, with the genera- 
tion of a circulation force 
iccoi'dlng to the theorem of 
iJ.Yo. Zhukovskiy. 

We consider the lift which results lr» flight with velocity w, 
l.e., with a velocity equal to the rate of flapping of the wing, and 
with angle of attack a. From the known formula for the lift In for- 
ward notion, wo obtain the expression 

and, therefore, 

>1 

l.e., the lift In flight In place Is 3’j% of the lll't of forward flight 
with velocity w. 
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Thus, from the point of view of the amount of lift, flight In 
place proves to be not very efficient. 

The following interpretat lorj can bo given to this result. Since 
Y obviously Is the lift required to keep the bird In the air, l.e., 
the lift r-oqulrod for flight, by designating the flight speed w,, we 
can write j 


and, th«?refore, from (8) and (9), 


u"; : 


4 


l.e., we have w . V'W or Wj^*0.6w. 


66 








, !ri • ».' • 

: It. 1 ’ 


-- 




3 


I'lC. 3. 


. • J • 

1 


«f , » 1 • • • 

• «. ** 

1 d l Ing 



V ‘t 

r . • • 

/» 1 rd 

-i! i"wn- 


Ut 

' • 

• 



n 

1 


* t ^ . 

• -1 


' ' ' ' 

! 


• -j 


! W?t 1 h 


• 'V -tr. 

• •r ' 

.f ' * ’ • 

» ! nr.' 

' rwarl 

I .X , 

.. ir l 

« ' « 
4 • . 

• , t . . . 

■ •:ig. 

• r: 1 r; t 

A . r ! •' 

'll 1 1 

.^r.A 

i:i, -r 

’.h - h 

»y of ■ 

flylr:.* 1 

*-J u 

• 

r., •• ’ 

L-- 

' '.••ric ! 

T -n ' ? 

*.vr1 

# ' 

■ • ' ; 

; ’ ' 'M 

• . ’ Ilf 

1 „ 4,1 ♦ 

• • 

ty 

•n ■ 


:ri f! ', - 

he i ■: 

. ' 1 

* » 

.♦ . 

• 

)-• I • 

1*J® fur 

o '• 1 1 

S’ !• 

■■ r - V 

1 

we fit. 

iround Ih 

li’’!- 


• « > y 

1 1 

’I.-S i . 


W\th tho v.'iluo or Y known, wo flnJ the volo^’ .j *-Mt‘ l<j 

tho known formula 

In thtf case under oonnlderatlon, by aubatltut Inj; the value of f 
from E^i . (6) and assuming that the departing street satisfies tho 
Karm.an stability condition we obtain 


»iii >• 

\ -■/ 


( 8 *) 


Further, by designating the flap period T and the flap amplitude 
h, we obtalrj the equations 


from which 
and 


Jh u<T. 

3 -> Jr h b , 

I.'/'"’* 


or, by assuming, according to the stability conditions. 


h 

b 


I. 

I 


from which 


I) II. »l «m • ’ 


(9') 


l.e., to fulfill the striblMty condition of tho street, the flap 
amplitude, as Ei. (9*) shows, must be, generally speaking, a small 
part of the chord ol‘ tho wing. Thus, If It Is considcreJ that 
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'tnd, by aul';it Itut 1 the value uf I In th** ’xj : 
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and, from the equation 


we find flap duration T 
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i 

u» 


1,3 1 A .n » •'ll' I’ 

l.w l.l> V 


( 12 ) 


and, from this, fox’ the number of oscillations per second, we have tiie 
expression 


I 1 . 1 *> ti* 

f Mil » h 


(13) 


By using the expressions found, an expression for lift through 
the number of oscillations N can be found. Actually, from (13), we have 

K> » *-J ’ \'l> i 0,7.V/J sill y ( 1 ^ ) 


and, by substituting the expression found In relationship (7), we obtain 




(15) 


If both sides of Eq . (15) are multiplied by wing span L and it la 
noted that YL:bI.»p, where p is the load on a unit area, w< obtain 
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Stj- ; ) per* sec 


^ - -0 per sec 

n .... j 1.;/ - ;:i3 *r r.troboscopy , determined: 

>'ip 't .m' n m.acrourn per sec 

'nitarestes eoeruleus jO-j^ per sec 
dhryr.o lamp I s mos.jultes 3?- 3^ Pf?!’ 

Phaet (.‘rnus ruber P'-*' 


"In lulverlng fll^’lht, the seagull beats the wings still more often 
than during takeoff l6 times per second, during takeoff, '<-5 times. 

In rior*mal flight, 3 times)." 

A great difficulty In attempts to .juant Itat I vel / compare the 
I’ormuias obtained above 'with the data presented on the flight of birds 
Is the lack of aerodynamic characteristics of birds, primarily the 
lack of load data. Therefore, loading data have to be extrapolated 
from available data. Of course, tills Is not very reliable. 

There Is the formula of Hurting, which connects the wing area and 
weight of birds. This formula can be obtained from considerations of 
similarity, but It requires that the wing extension also be constant, 
as now follows from similarity considerations . Thus, the Hartlng 
formula Is valid with uniform wing oxtonsloti, which actually Is not 
raalntalne 1 . ’ 

The Hartlng formul.. has t.he for.Ti 
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(according to tlie definition of Morey), it' S Is measured In cm and 
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With thla assumption, we have 


By substituting the values found In formul? (16), we obtain 
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By designating the extension of the wing by A, 


we obtain 



thus , 
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For the hummlngbl rd , P^»2 g-2‘10 kg; consequently, 
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It can be consldinx'd that X Is from I to 2 and a Is from '<5® to 
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It. follows from the formul'i.' 'i»* iiri*'! 
weight P, the numbei* of ouc I 1 1 -it 1 on.i K m - 
applied to the se igull (prey-blue seap. ;H, 
\» 7 . 6 ), for the number of brits, w* obtain 
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t M .V remark Is 
1,-tf.i.- 'inji-, •’■O.S'l k(*. 
in •*pr*‘.';'. Ion ■ i*«i ^ j,, 


times less llsin Tor the humm 1 hfib 1 r.l . Oonsciuently , ae.. mMUi« to 
the numhofS presented above, for the sea,tull. 

varle.a from 7 to 17 . It was shown above that It Is 6 , which la 
sufficiently close to the theoretical value. 
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►•'-•nornt I ,jn o . ' ' •••• , ■ r ^ ' 

*- h<_* Ufuit'-'i l.v ri'-i ' ■ 

p In^;: win,* , In p;; ' :t 
of’ thrui’.t ff.TiJlnr. f:ir f: 

If all klnJ.^ '.)f ml cn 1 l,v .• 

!*=''cl t-o n.iMi’r'i*, of ’•.ho :i.;r*bplng off 
*:}ir* flapping o’' ■= ,;Ing ire J Isrogar-lctl , 
view can be apeclfleJ. 

Tn :i nu.'ribor of work-, the ,r‘’nor'il !■ n of throat ‘ r ■' 

attrlfiuti'i to the offe:t of auction forces, wlil -h f r:* it !=- li- 

Ing fJge or thin wlngr. As lo known, -it *0011011 was Irawn to ' (,• 1 '.-••! - 

.'aent of such f<'rcej In 1 fie work of N. Zfiukovakly [1] . In {I'lr’t i* , 

M.Ye. Zhukovskiy attur.ipteJ to explain the Jcv<‘ lof rric-nt of frontal 
drag In this way. This klnJ of eonslderat Ion Is ex’ remely dubious 
as applied to wings, the profiles of vhil.'h fjuve a more or less rounded 
.•■hape at the li julng edge, and all the j roflles normally used In avia- 
tion ami bird wing profiles are such. Subsequently, we shall see that, 
from the point of view of genei’al mccfianlcal con.sl derat Ions , the genera- 
tion of suction l.s n-.sontlally a manl festat Ion of the development of 
circulation around tne profile, and It follows from this that the effect 
of such suction on the generation of thrust only can be attributed to 
the change of circulation during the flapping of a wing and the shed- 
ding of vortices behind the wing which Is connected with it. 

Another point of view of the generation of thrust Is connected 92 

with the concept of ’he formation of a velocity discontinuity line 
behind a flapping wing, with current lines around It distributed In a 
wave like manner [131. The reasons for Introduction of velocity dis- 
continuity lines behind a wing are associated with the difficulties. 

In the case of a flapping v/lng with circulation changing during flap- 
plng, of tying In the Thomson theore::. on the preservation of circula- 
tion, on the one hand, and the .Chap lygln-Zhukovsk ly postulate on the 
shedding of flow from a sharp trailing edge, on the other hand. How- 
ever, the introduction of such .liscont Inul ty surfaces Into the theory 
of a flapping wing complicates matters extremely. To a certain extent, 
the explanation of this is that small oscillations of a wing are 
considered almost oX'*luslvely in the theories. Moreover, the adoption 
ot small one 1 1 la t Ions of a wing, which Is I'ully adequate In vibration 
theory. Is completely urisu! table for th.e geriei*al theory of a flapping 
wing. Besides, the physl.-'al sciiemo Its'^'lf Is exti'emoly questioriable, 
since such velocity discontinuity surfaces are unstable and, evidently, 
they never actually ire ohs-rved. A .-sys-em of vortices, which Is sim- 
ilar to Che Karman si-reets, is observe! behind a flapping wing In a test. 

I’l'.hllsheJ in hch . /.ap . Md I 9, Issm* 15-‘ (I'J^l) (1st ed . ) . 
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repo'-ter'ira paper^tS the genel’l I'^assemb 1 y of the USSR 

<3 \ nooc -n 17 Hi'tobfr Id^U I b] . One particular ease of the prol lem 

or a rlapi^-nR wins was examined In a rai'-r t,o Lomorjoso^^ 

(Lomonosov LecturesJ , at Moscow stat*' Unlveislty In 1)1 . ,1 • 

K Ijo j ;ry Layer of a Wlrn; 

As 's known from tlio point of view of boundary layer theory, the 
effect of the viscosity of a fluid during movement of a body In a medium 
1 th n irtw cot'fflclcnt of viscosity appears only In the Immediate vi- 
cinity of the body past which flow occurs, within the so called boundary 

layer. 

Let AB be the boundary of a body (I-’lg. D 
£, and be the outfi* boundary of the boundary 
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when* lo the affix of the point of the bounJary layer with turbulent 

Jenalty a, f 1^’ the .• Ii-eulat Ion arounJ the eyilnJer, V Is the flow 
velocity at Infinity ari'l o la Uio an^;le It forma with the effective axlo. 



Fig. 2. 


a'o require that tne flow aetermlned by 
charact«.'rlstlc function (1) satisfy tlie Ohap- 
lygln-Zhukovsk ly postulate. As Is known, to 
satisfy it, th- flow velocity at point z»R , 
which coi'responds to the trailing edge, must 
revert to zero. From this, we have the equation 
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from which we obtain the circulation 
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In the expression of characterl .* * 1 e function (1), the boundary 
Layer vortlci.n do not directly produce c 1 rculat U'ri arounl Mie wing, 
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Condition (5) Jooa not require the abaence of boundary layer 
vortices. It only requires that the flow velocity due to these vor- 
tlcoa at point z»K, which corresponds to the trailing edge of tne wing 
on the cylinder, equal zero. It Is possible that condition (5) re- 
flects the clrcunstanco that the boundary layer vortex system Is un- 
stable and that, actually, the boundary layer only can exist on cond’-. 
tlon that the expression 
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Is suff Icleritly small. Otherwise, the boundary layer vortices are strip- 
ped from the wing. 

2. Boundary Layer of a Wing In the Presence of a Vortex 

We now apply the ramo considerations to the case when there Is a 
vortex of Intensity J near the wing. By changing to auxiliary plane (z), 
for the chai’acterlstlc function of the flow past the auxiliary i-ound 
cylinder, we obtain the following expression 
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where rj^e'"* Is the affix oV vortex J. 

In thl.s ca.se, satisfaction of the f’friii lygln-Zhukovsk !y postulate 
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B:quallt.y (4) Is analogous to 
un.lcr oonc Iteration . On the 


equality (3) of Section 1 
other hand, from equality 


for tlie 
(2), we 
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which also can be written In the following manner 
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K'luaJ Ity (o) or (O'; oho'^a that the structure of the boundary 
layer* dcpcuiJs on J, r^^ and a, l.e., on the Inten.^lty and position of 

the vort*’X external to the wlni;. Tho considerations stated show that 
t tie boun lary layer of the wing can be considered a unique regulator of 
the shedding of the flow from tiie wing. The effect of the boundary 
layer iias the result that, In the departure of vortices from the wing, 
to s.'itlsfy the Chajilygln-Zhukovskly postulate, there Is no necessity 
for the Introduction of a continuous velocity discontinuity surface 
leaving the wing. Por example. In the flapping of a wing. It can be 
considered that the vortices are shed from the wing only at the extreme 
po.altlons of the wing. .3uhsequent ly , In the progressive departure of 
vortlce.n shed from the wing, sat ..sfact Ion of the Chap Lygl n-'.'.hukovsk ly 
postulate Is ensured by the regulating effect oi the boundary layer. 


In conclusion, we note that the term 


rJ /<: 
!• 'i-'r . 11 . , 
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In Eq. ( •{) Section 1 Is an allow inoe !’or th*.* effect of the boutiiar’y 
layer on the magi '’uh' oi’ the circulation, l.e., ru’c Ji.nt 1 ng I'ur the effect 
of air vlscosny. I’be noiT'cspond 1 rig tiu’itis In the liquations of .Section ? 
play a .similar p.irt. The adoption oi‘ < ndltlon (hi .Section I oi- condl- 
t Ion iG'/ .Section 1 eiulvalent to d 1 I’egard 1 ng the el'fect of vl.s- 
eosity on the circulation. 
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Kit;. Unit for experiment with 

t'l.-ippln,: win,:: 1. I'lo f'lled tuPo 

rectifier; 2. motor with r:illat.^r; 

. :i JJ u." *. ‘lb Ic ri'ijjer wl’h 4. 

mf'/^ntj frame with roller; h. isprlng; 
o. movement gulJ-.f r’rime; hoiJer 
with win;*; &. drive pull'-y; 9. cart 
drive p . Iley; c irt •"■•fme; 11. 

rtlla; 12. trougn with -iMe lines; 
13. enmera. 


,’v-* jf .-an.a term It tel 
. " I. wlnt* rn vement con'lltlons 
n ‘t'llriffi, for example, a 

.•'.'•ngo of wlra* fla;pln,: rate In 
■I ,:lvn dire !t Ion luring move- 
ment. I'hotocrvphs obtained by 
Ya.V-*. I'olo.nokly 'ire preaonte 1 
In ."l,*.c. ‘ ^ and 7. Here, 

Kl,-;. '» dhows the ''.at ”a 1 cht" .:treot 
'•h'aln>.*d when tne spec 1 of the 
wing w-id the I’ame in both directions. 
F’ e. , 6 and ■' give "skewed" 
street:’., l.e., streets whi-’h devi- 
ate from the direction of motion 
of the cart. In the flcnros, /hUO 
this 11 rest ’on l.s Indicated hy 
the c.tralg.h gald''11ncs. i’he 
"r.Kew- J" street .a result, when the 
rate of motion of the wings in 
each alrectlon, l.e., its upward 
ml downward flaps, differs. 

The results of numerous tests 
led Y.a.Ye. Polonskiy to the follow- 
ing conclusions. 

"At the extreme positions of 
the wings, dur’ng t!i<.* uharige from 
lowering to I’aislnr and from r.ils- 
Ing to lowering, a vortex is .-.hcj 
the wing. 


"The sepai'atl Ui of the vortex 
.ving ' lid not he d ’ a * i-.- i . In rh 
• xtreme position to ti,-- o’ her, a i. 
huleiic'-’ of the flold on • h<- tra’ll 


In an Int.orme 1 late position of the 
trail. sltlon of Mi*' wing from one 
Ighly nutli-oable Inai’e-ise In twr- 
’.g <• ige of the wing, occurs. 
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that the vortle -j aheti :*rom th*.* vlnr form only at th. j /r'.- 

Mona of the w!rg, the oVV -c-t of tr.-- Ing vortl'*- *. =^m Vf •::.- . 

tlon luring lowering or Jurlr.g rilr.rig of Ui'- wing r.ee 1 not t<* '■ - 

into account. Actually , It aj {• *j us that h wing performing . . .• ' - 

latlonr, from the tl.me when It bcglno cleo :t*’i ling, atupa flapping uj - 

ward and Jownwarvi, .«jutooc«uent ly , ccntlnuea end loo . 3 ly to dtjocend at 

velocity w. If the dcocont of the wing contlnuo.o sufficiently long, 

It can be conrMerod that th^' w'l.g Is in oteody otate motion, and It." 

cli’culatlon f^ Ic deternlned by the 1’ 'rmula 
o 


I’,. r/'l I" . fc-' .III ( 7 irwu-jT). ( 2 ) 


Since we as.^urae that the jor^. ahe.1 fr*on the wing form only at 

tho oxtrone positions of the wlru*, after oh«rdd’ng of the vortex, when 
the wing was In the ».*xtreme upper position, there was no further 
ahedilng of vortloos luring lowerlr • of tho wing and, consequently, 
the circulation retained tho value of (i>) all during the descent of 
tho wing. We note that, as was explaln-vi above, the effect of the 
departing vortices on the position jf the .•’tream shodJlng point Is 
neut I’a L 1 /,ed by changes In the str-ucture of the tounJary layer, l.e.. 
In other words, by the effect of v'ocoslty of the air, which ensures 
satisfaction of the Ohaplygln-Zhuk>.. .'skly postulate. 

.’ubsoquent ly , we locate the axis as 
sl’.owri In Fig. b. «;iih this selection of the 
oxen, the .* 1 rvu iJit 1 on around Mie wing proves 
to be ii**g''* Iv", I-’ur'hci’, If It Is crcjs 1 
that the arigl'- o!‘ at tuck relative to the 
ilre-'^'.jri at’ v i r-ity V lur'ng lowering of 
the rtlng Is , finally, for ' he cl l•■.•ulat Ion 

l..”lng 1 w 'rln.*. of ♦ he wing, we obtain the 
Fig. 8. expr'-ssl r 
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( 5 ) 


Since, according to the Thomson theorem, the circulation along the 
prorilo which envelops the wing should not change here, such a change 
in circulation around the wing should be accompanied by the shedding 
of a vortex oV the same magnitude from the wing to the surrounding 
fluid, but In the opposite direction. With this vortex designated y , 
we have 


■JrfrcDs ? d’ aIii 4- '.i'cos -I). 


( 6 ) 


In a quite similar manner, we shew that, during the ‘ransltlon from 
lowering to raising the wing, vortex y^=-y Is shed from it. 

Thus, In flapping the wing, at the extreme j^olnts of the oscilla- 
tion, vortices are shed from the wing, of Intensity y at the upper 750^3 

ind at Its low *r palrit.s and, therefore, a voi'tox street of the 
Karman strvvt type forms behind the '.■.'-rig, wltli vortices of intensity 
y arr’an,;-.'] In check',*T'hoard order. The direction of rotation of the 
vortices Is the reverse of the dlre„”^lon of rotation In the streets 
formed behind harriers (”’1g. 9), 
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With Increi3c tri w/V, ua I.s ••vl5^»nt I’l^rn '.-luiil y 1 /, 
in rr.?ristv , :it pi-oachinc „ 1 s 


We lonslilcr the Tollowint; .••Irnple ex'inipio. Lot t»0, 0j^=*0^*0. Thla 

la the cane of a flat plate, the Inclination of which to the direction 
of foi'ward movement during ral:’.lng and lowering is the same. In this 
case, 5*0, d»0 and, with various v./V, -we have the following values of 
b/h (on tlio assumption that ^ is small aiid cose*l): 
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b . Basic Kquatlon of Theory of Flapi'lng Wing 

The basis of all subsequent studl-s is the equation which determines 
the strength of the action of the fUw on a flapping wing. This equa- 
tion expresses the theorem o{* mometi'.um for a limited mass of air, which 
Includes a flapping wing inside It. 


We consider the (x^, coorailnato system, relative to which the 

wing perl’orrns periodic oscillations. Let O^, the coordinate origin of 

this system, be th ' amplitude nc-an, whl^'h 'Ics.crl Lcs some point of the 
wing dur'Ing osc 11 lat lon.a . T,ec V be ‘ he Vf'loclty of the incident fiow 
on the flapping wing far ahcal ot’ t,a" wing. We direct 'he axis 


along th<? direct ion of velocity 
the phenomenon we have aJopted, 
wing, ’n wli'ch, far belilni the 
completely formed, 'du? vort 1 'es 
‘The Oj^x axis at velocity V + u . 


V. \cco”dlng to ‘he phyc.lcai scheme of 
a do a le vort-ex street I;-, r.lied from the 
w'ng, wh-'-'' the street can he cone. 1 dered 
of t h'C .T' move In the direction of t he 
Vie -'onstruct a second coordinate system 
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On ABGD, we ; lot ri-c;t'in,-.u la" paro:'.- ’ i 
Q with an alUiuJe of one. On the assuni|: v I >n tr : 
tho llmena t'-ina or the plooto'i roet an^le ano aaf- 
flclently larite, so that the wlrii: proriie remain:' 
Ins Me L iMflrit: rio ’:h: 1 1 lat 1 on period T, we 

apply the theorem or nomentum to the maas of air 
Included ’nolle . Wl^h the components or 
the Hir preo/nro on tho wlni’; as X, Y and the air 
pi'essui ‘0 a;* pj viP write ar^ cjuatlon which ex — 
pr'esses the theorem or momentum in the form 


FlC. 


10 . 


V I I'lly j j yiiJxil .', 

I, ‘ s * 

y I I I 'a* i/a- (/.»', 

/. 's- * 


where 3 Is the area occupied by the air Inside L and the derivative with 
respect to t is understood to be substant l:i I , with the flow of air 
through profile L taken Into account. 

By rewrltlnt; the equations in the form 
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•mi noting: th'it, in tlm'' It, a 'lumtUy of ilr equal to p(uly-vdx)dt 
flows out of an el'ment of prome h, wc can rewrite the equations In 
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(1) 


where X^, are the mean 


values of the components of the pressure of 

the air rl,.w on the wing during an oaolUatlon prrlo.i. They are dctemlnod 
l)j the formulas 

r r 

( It A'.,/’. )’ J'./' 


Thus, to flP'l the v.alues of ana Y^, the v.aluos oI the thitt in _^_L. 
tegrals of the r-r.ht sUie of equality (1) must be ru-J . 
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- ' ,.,j I }rif. tr.v vortox street outside 

„L J, . .• • iM .'oMS 1 lei’ *d completely i ormed 

n T, -ml to ;’ir-:n a system of vortices fixed In 

^ •>lano 'x, y). f’urthor, we will consider 

, •• 1. to be constant . Besides, we 
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will ^ nrlh.-r » he ilmen/lons of iTOflle h to be so large that Is In- 

, , , , . . . r t>e the affixes of the vor- 

tloea or ttiP upp.-r row or tho JouPlr vortex street anJ C'l. 4'j • • 

X. u- tul) be the arrlxea or the vortices of the lower row of tho 

vortex street, which 11c outside Lq (Pig- H) • 

It is evident that the x axis (and x, axis) always can be selected 

In such a way, that It 1 1 'and'^dlmenslons of^Lg^determlned by 

with the locations shown In Mg. ll and uimensiyna 

choice, we have 
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where h Is the width and i Is the distance between two suocessve vor- 
tices of one row of the street. 


Wo formulate the expre.‘5sion 
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It r:>U-'W 3 Prom this that, as , the expression for :(/) 

towards zero. 

We C'jMsl Jer’ the dirr' ronce 
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Outside of L , function f(z) does not have singular points at 
o 

finite distance and, according to the preceding Viz), with unrestricted 
Increas'^, rn ten is toward -u^. It follows from this that, in the region /512 

we have the expansion 


,/\X’ 


(»’(•) 


- II., 


<>• 




(M 


We note that are fixed In the (z) plane. By Integrating 

both sides of •'luailty (a) with respect to profile L and noting that, 
between L and L^, ^‘unction f(z) Is nolomorphlc , and the number of points 

t, and c ’ between L anvl L , because* of selection of Identical dimensions 
K k o’ 

of profile L Is the same, we have 
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II. Is easy to *’lnd th-^ mcr ban leal meaning of a^^. kt each moment, 

there Is a cc.^taln number M of onpor row and H of lower row vortlae.s 
of the vortex street, within L^. Then, with the c ' r‘'-'ulation ar'Oiind the 
.v'lrig profilt; designated f(t), wi- obt.aln 
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accordlri).: to ( 6 ), we have 
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ir wo corirlier the wln^; lewf-pin,* IritiTval, we have the vortex /513 
aiT-ango'^'-nt ahown Iti Fig. 12 aiiJ, thererore, M»N and, I’ron. equality (5), 



ir we connl l'T the Interval which coi’- 
rosponJa to raising the wing, we have the aiTange- 
ment ahown In Fig. 13 and, conaequent ly , 
and, there t’ore, 


Fig. 12. 



Fig. 


n. 


(/ir 


f/j - 


IV- T 


r - 


_r_ 
j • 


Thua, 


the value of* 



joea not. depend 


on time which, It.a*. IdtM, To I Iowa llr’oetly from 
the rtiornaon ':v>m and, eona'.quen' 1 y , hec.auae 
'll’ the a'..iectc,j iliarnialcn of h , from (^'), we 

have ® 


2k/i», 


1 

2 


i r. 
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•I' : .y*. • 


* V .tit*’ *» r. ■ X J: tfi.: Iri', • ' , >t * ; ! fi t Tu 1 lowing 

!:• *r. •fiV :• ••' 11 !‘ 'I If ;”' !’ ■ remote point 

1 /. 


I V« 

* « 


I 

• f 


]• ,r. ni .v ri i jn •!••• • ' J, ’ ‘ '’r-’rroi’e , co«*n'l'?lenta 

''xrifin.' Ion i ,, i ir*? I' in'it I on.! of ’ . 

7- V, v) fx’;i n 1’. il.’.plin 1 r*»iiM/o to the (x^^, y ) axes 

,ni, ' ■ “ re, f ill- oC t» ■ -/ + ly) plane relative to the Tlx- /51^ 

1 -n' t'ni»v ;’.j; 5 tvn jt m^\".'-nt * ■» ' ‘ini t»T JirPern, is Pig. shows, 

ri tho . Vi r- h it.i, fit any .. »lm , Imov-ibly connected up to the fixed 
(Xj, yj^) , t»* c:iuie o!’ * u>.‘ iierlcdiclty ol’ novemer-t , the velocity at 

mofi.vnt L«'J enJ at. monient t»T Is the same. it follows from this that 


;0>r; 


/7ir. /./U’v 


i I 


and, by applying this condition to expan- 
sion (8), we have the equation 


Pig. 14. 


< V (_' ' .1 . 

AO * 

r 

+ Jr/ J I • 


from which, by carrying out contraction .and expanding by l/z power's, 
we have the equations 


0 ■ !..[ •’<>7 

' ■/ 1 1 
. — , / / t «j(0 rtj<") ■ -h 


from which 
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00 


f 


-i!* I “> ( r )/ • 7 1 


•M. 


•in I, 


r’niUy. 




r \v \f 


1 / 


(9) 


V.'' • • -1 * ' ' »:«• ;•••■ l'*"M OM u!* r Hi;'; ! •■ ; . . ■ ib.ieii'n'nt ly , we 

w’ 1 i V, ■•■•i.'* t )!•• n 'I.-. ! •"■fK. )T -in j ^ thls caac, aa 

j i i l . '! ) n .1 !'-• 'Ji’, • *!■? • ,< •> r’ • .5 1 -M V-jr ()(7.^ satlaflea 

in- i 1 ‘ y 


inl , ’ r,- r -rvif* , 




7.1' 


M , I r ^ 

I A J ^ /A J i ' 



■J // r \ 

/ A /)• 


( 10 ) 


(10* ) 


With Increase In the dlmonolona of L, expression (10') tends towards 
/.ero, If 

llui 'J (). 

and, for this, It Is sufficient to set 


A //'•. 


( 11 ) 


.'iuhso'iuent ly , wo will use rectangle L with sides AB»2H and 

With this selection of the side dimensions, expression 
tends towards sei*o as which we write iown thus 



f (/(.')</.• 


For later, we slightly refine the choice of rectangle 
draw sLi^ AB, so that It par.ans midway h^tween two points 


L. 

k 


Wo will 
^nd r. 'j^. 


/'jie 


01 







.. . • • . V. )t .* r. : I r •*> ’ ' n ^ ) » 

I a\» * rtt» • t . ! T 


! ■ , 1 ' ■ • 
r 


u ,<.•• 


; V/ ' - ‘ V 

.<-*u •• 


( F)) 


A : I 

I .1 'i' ■ • . i’ 


. . , I ! . ■ 1 1" ' .t ■ i« M' • ’ t ■?! ! ' '■ • !i ! lo AB or on 

j, . ’M * l.t ‘'irtt*, <.*v Morin ly /' j 19 


|/ ( j , / » |»* 

• I 


/ ^ * 




I c 


• I li >»' 




\ r k « i' • (.V * ) . 


i-h* 


1' rtVM(y ,) I 

I . f ,r» I 


1 .0. , 


.. T .. -‘I I'* ^ 

* - 7 ••• ■ I n ti 
1 ^ ;r 1 « 


HI • 


Unier the oarre c . otk ^ It Ions 


!«(.•)!< I I:« - 


> X'* — ''ll'* 


Jr 


Finally, on side AP 


lo.(.-)-(!(.-)' .il:.--. , » j- 

I Ort (.*) — t; (.') I< ]- 1 X 


( 16 ) 


(17) 


oi' elflo 






. ■ 1 




• /;>«/* /'•) I 

I ' I 

j Jt / 


I »* '• i'>,t 

t •' 


j‘ n •.( 


//• 


•< I » 


ji-'Mi. W, ’ '.' ri li ' '-n t' -la :r •■ 1 'r • »irii1 


} • J Hi |i • ^ 

• ' ta < 


I /— — jfCti; -- i 




by jubatltutlng ull these values In equality (3), we obtain 


J"lr!.r''^A’ /'^v) 1/ f 


. Ca 1 iulat Ion of Expression j | **' dx dy 


Exprcaa Ion 




la the 'i 1 ITorence In value of Integral 


~\ilXily, calculated Tor time t«T and, consequently, Tor the 


position or of re.'t.angle L relative to the fixed y^) /5?i 

axes (FI'. l6) and for ttie j'Osltl ni oi' Ahdl) it tln^ t-0. 

We note th-it, becau-.e of the p**r 1 o 1 1 1 t.y of the flow with re.’qeet 
to the (x^, yj) nxm, the velocity at a point with the same coordinates 


at times t»0 and *-»T Is the .tame and, t’on.ti ju_’ntly, I I ^ ■(>' 


4 


• r* 


*'ll t ^ 


. > • 


• rV-l.'. 


\U I 




■M . 






1 i t / II I 'a if\' 

I ‘i 'i 1 

« 

- I i i ; -y 


( 1 ) 


!n wlilch both Ujt»'.'ral J on th>* r’I**ht ul li* jti . ■ ... 1 ’ t' '> ■') ini C <r> 

t-T. 

A*<’Orlln^ to the of oiM'tlon b (relatlont;lil;a (l )' m-l ( 

In rejjlon Dj^Cj^CD (Kl^. 16) 




and, consequently. 


f I’fiuqi/.v./.v].: ; ^ : ), 

,v//, w/^ /('•) 


( 2 ) 



Pig. 16. 


On the other hand. In region Aj^B.BA, 
according to (18), Section 6, 


\< 1 „{:)- 0 (.•>!< J-i;, 


II • r 


tlx 


1 . e . , 


:! (// rix) + (iyi j 


(/C)|< .J. I i n >' r) 


It 


and, since t)ie area op A^^R^BA equals 2Hj , 


1 1 h„ (.*),/.*• ,/v 

f 1 h(.')(/.c</v j 

xn.'it 1 

1 * «, it 1 1 


II 


:•!(/ i |)„ . 

r n ' — r 


Further, 
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UKKilNAL PACit: IS 
OF POOR CUALITV 






SlMoc. with 




I 


By uolJw-: (^>) ^nrl by fitumrolng 

iz 


t 

-■// 


I I ['■■'::< * 


‘I:' 




I I I ( J I 

• A.n.m 


A It II i 


Kron Eq . (7)* we have 

r,(.' W) r,(.M f-2.V7. 

where N le a.. Integer. It foUowa from this that 

W(M /..V) >.(v.v). 


Yet 


f 



A*n,h I 


tlx ily 


II 

I’ 1 :.,(// \y) ■’^tin''-i.)d\tiy 


and 


A, It in 


I’^ilxtly 

tiy 


II • 

I’ 1 W(A-. //)-+,('•. //)!''• 

/<•* t 


and, at lar-kje H, Vrom E'l . (8), w<* have 

•W(.v. ID - -1. 


j»». *. »7 



'‘1 , 1 




I t ! f 1 ■ r ,j Jo 




!' 1 n:i 1 




i 



'WIl 


( 10) 


whfM’e 


Ooriac'iut-Mt. ly , 



J(~) 


<'.• , ‘>1 . 

~.i 1 -r . . • 






I 





-’•VM-I ‘ 



r 


7. 

^ --/in r K(-»r. 

/ • 


( 1 ) 


( 2 ) 


( 3 ) 


SIm’o, on th” 


■■ t r<-Tigt.h of 


■ ‘quality ( 2 ), 



M 

t 


I (/(.ni‘./.* 

/ 


(I 


I nn 


Original pA^t |c 
^ rooR quautv 



I ' , 


:5 


I 


\' 


•* 





It’. .I’J!:,,*. to 1 '-n >t’ 


«nJ I., t-hero 


Mv • . .;M 



;• j 1 » I , ;1 f I ft I ' , r<M’ '1 1 nJ i’lt 1 'tl Of 

I'.flii ‘ • • 1 r’ 'i 1 I T.»* h.’ 


IM , 


\ , 






('•) 

(^)) 


( 6 ) 


Ff>r .’n 1 ;u lat Ion ot* lt>t»*j;ral 3 ( 'O an 1 (b), l>ei*orehnn^l , we calculate 
the Int e^rr-a 1 




(7) 


We consliler i.wo cases: 

1. when point ; Is inside L; 

?. when 4 is outside L. 

In tJ)e first case, Intet^r.al (7) etjuals sero, since profile L can 
replace c 1 rcumf ercruri* C of as l.ara;e a radius r as desired and, since, 
at lar'ge r, m v’arj be selected, so that 


then 


Kt-)I 


ni 

7 j‘’ 



.. «i r 
rJ r |;i • 


(B) 


and, with unHnilted Ineie.ase of i* , f he rl>:hr side of ln..-iuallty (3) 
tends towards /.ero. If r, !s outside I , after enelrcllnf* *. with 
1 rt;umfe-enco of small radius h and 'etist riet in,; 1 rsum ■*er’eneo C, 
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By u:-. l.'it; •-"lunilty (8'), w-- .>htaJri 






(y) 


In which the aumnatlon In the rl,*ht . \Ao of o-jualHy (9) extondn only 
to polnt.T and ■ ' » which ile 'jutsl.le L and, thoro I’orc , 

; (k - rn)i. !:'* I >//■'• i (k - m)i. 


Conaequent ly , 


Thu.T , 




Ik • » I 


-1 


■> \' ' 

' — t // kt \* 

U 


tt 





) 



//' 




( 10 ) 


The pt-ecedlnc t raru! format lon;k oan he •.ipplled to Integral ( 'O , and 
we obtain 



u 





It ronti’tiJ to 


Wo r.liow ^.hat lnte< 5 :’al 
I,, .'an to i‘"| laoo 1 ty the Intu-^'ra 
reupoct to .tlJo M^. Poi* tt.ln, bt? 
tangle kbCi) with oU'-r AD".’H -JfHl 
wo conjl!’i'-t i’-ji'irc' MNl’w* (Fig. W 

2H . Then, I nt <?gr*at 1 jn along L 
place l by Irit »'gi'at Ion along jtiuan 
Yet, at'c-u’iln.j to lne 4 uallt;/ (1^) 

on sMea PN and JM, where |yi*H'^'^ 


oleclel, tliat 


uch a space M can be 


ectlon 6 


trength of In.'quallty (10) 


and the .aamo InopnlUy, on the 
l 3 valid on PvJ. ■:!on.se.4'U-nt Jy , 


Inequality (Ij) l.a valli on FN and on AM and, 'here Tore, 


Fui'ther 




n 







iriJ I he . ... 

flnilly f.-ivc* 


I 



I 


ff 




M 
it ■ 


I 


I 

» 

I / 






I * 


•I * • 


in 


1 

- f 


I 


We 3>iOw rur'thor that,, In the tritojrulj of oiaalHloy ( i '■ ) , I'um •' ! r. 
:i(z) can be rej'lace.j by 'i (z). In fact n-*cordlnf;: to ln» ijual Ll l«-a (. > 
and (17), .Jeotlon 6, ° 


V/ ' 




dl'"- 


« « 


; iR-' •" - 

ill 


h 

1 1 

. +* - I.— — - 

// • /- /h.., _ * \ II • r 


Hm -3) 


1H« 


,ly< 


<.u i — - ' . ' ' ..of 


Thus, flnulLy, wo have, by jubstltuMni? the values found In 
equality Ul), 


/‘>3 




and, since 
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I ft 


\ ' 




V > 


I 

tJ 


"(tt.)' 




an-'u- •*. 


(17) 


Finally, w? .li.iw '■ ^ ^ r. 

(l8) oan bt* rep 1 nt'c* I by tri*.* !•'■ • ‘ : 1 n ' ».»? p.h 

lino x“h 


Actually, by r'-*po*it *. trif* jrnnt I <ti . •* ' >n 

;.) •; in'u- l') ^ j ^ 

‘ ' 1 ~c<**'2ix - 1) ^ j • 

x|. '»».»/(>• t.') ' co»2(.v 0*] -• 

1 r f , * IK •! / .I 

” |,,['* ' t »- ' 2co<.»(c \) X 


r , II . ». I ^ , 

X(«* 7 

I M |r I ■?■ f i\r i. ■ -1 1 ,1 

■^j./ ' I*- ^ i* •• '} i 


i I i»i ? 


X 4 r* 

3 




and, therefore, the Integral 




'•••* /■ 




-(/' < Ml '•./* 

■ I i 


w. 


HI 


Thus, we can rewrite Inequality (18) In the form 



(19) 


The method of .-aleulatlon of the laat Integral la well known. 

For exinple, It can be calculated In the following mann*.*r. Initially 
wo calculate tiie Iritegral 


OPi'5'NAt r/\<JK {8 









^ • • I 

'■‘I* •* . , 






. . • . 

y.’ I • 

<• 


, • 

» I 


t i 

\ttr • 

■ 


*11 r * • I * 


.Vs. l.'/. 


in ' f ! .j ' I innfi*. 


i * 1 .- ' , 




•* »r ^ 


(20) 


By -il ff I :it ing '-•qui''’‘y (’0) with roapoct to itarameCepo c and t’ 

w“ .il't'tln ^ o' 


r ‘ " "M.- ^ 

J * K. 




j? -0 J « 


•m*(t . I . 


and, by caiculntlnc tbo second e.juallty i*rc». 7 i the first and multiplying by 




we have 


J “ - •!: 


(• } 




At the SfU-oted location of llr;c L^, w* have 


I 


t, 




C 



( 




/ 


■) 




CouL.»*'ju»‘nL ly , 


I 


I 






/ 




and, by aibatltut Ing In E'l. (1>), we hav** 


or 



]) 


-'•’I 






, /(l -*'th** 


' / / 

/J '//’•/ 



:*rrt / / 



Yet, according to formula (9), Section 4, 


and, therefore. 


iJ/“' /'• 




T 

2 • 


and, consequently, we finally have 




t ! 


f I u 

I t 

/ • / 


til 


V -'ll "(,')• 


(?l) 


and. from this, jlnoe the flr.;t terrr.s the second pari of equality 
(21 5 do not depetiJ on time. 
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. -.M-v ,t:i 


M » • b'i.* 1 ■ . * 'i ' 


(?:') 


I >'* . i.V.i / ) I •/' I ( 2 ) ‘‘-f 

? firn /< “O* '‘[j J 


AO •' *i I ' ' • 


j I ()', ' ) ((.'2). r.co. 9), 

f|,lJ(/A /./V) ((0, -5ec. 7), 


f f 7* I (CIO), See. «), 


by autotltutlnn the values found in (1) af*d upon noting that t- 
(V+u )T, after division by T, w«* obtain 

V'a t /.V, ;.«J’ / 7/(7 "'V ’) ' 

jo':-) (2) 

r ^n'*} 

nrocecdlnr to the limit, by increasing the dimer.alons without 
llmlt^ we obtain the final equation for determination of the average 
vniue'of the forces on the flapping vrlng, 


Prom w!il.:h 


f. t <.v„ |.n- I) i ».>t- 

•V. V 


r. 


• .fi’. 


(5) 


<ViMi j 'pf'-' ;.v t ^’.'1. ( '»! tt note that 

t.f, . ' .[ !' ■.. , . ! * • -dr* Lho c’aso 

• r -I . .' 1 . ♦':••• nt '• *.'•••».•< TitT'. ’ •' I ;*!• '*i. {'’) was 

j'.f, . • •!-v .'W.-v.-r, t.h t . i* *. o ■ ;* . »nt»ilna 

• n .,»yv’ - ffMr*. *t •»•••>•!“, the* 1 t I I V'jrtfX 

,> A ) i tn-l»'lr.' Ir- r vet J if , i ‘ ■ ;r>i' ;Mo3 ol’ func- 

- ; 1 ■ « ‘ 'r! w:;t w.: 'l.i’ S j -mjj lt?t«*ly 

1 'f.Lv jr.. w'T tri f fM-r. ’• t •, ...'it lor* to ;jc*lcot 

1 ..'- !. .. -’inri- f- . 

>• I IJi 'ly '.'i ruiio.* •. ’’ • ' ?i ' v.; .< ly th«*orei.t In the 

.. e i •• '-.n,.: !• . Mr 'or.. .tlnre 


r y‘ I‘:t 


r-ji M. '!.ir* ' . '1 , 1 ji'Jin;; to !' 'no]:'.;’ .<) ..’id ('O, .ieotlon 

I , I r • ,lri(;i, • .lu l.; ji j . 

I'j ' I V £.'^%(n('0 itil;; 

I' — rJ' 1 r* , SIM r- ■**‘<4 “.j, 

Ui :i. « ii *H, 

5 r* t. * 

J * J 

p 

From this, we finally obtain 

I'- - rM*>iM i^ci.se 

In particular, If and, 

l' = - rM’siit^* 4 '<). ( 7) 


II 'I 


u. 


- rj- 

conacviuent ly , 


( 6 ) 


\S'.- fi.l *.ha’ 
where 


1 

In the dex'ivatlon of 
of the flow, 


I'rorri which It follows 


.'jynge, L Is fixed. H'.’re, because of periodicity 



while. In 


Syni^e, we have 


/c/y) 

L '* 


C. 

We note that, ris calculations show, In fornula (h), cosfi-slrio^ 
greater th.an so that the .'oeffl --nt of llfl of a fiMpbliii'* 

sonewhat higher than that of u stntloruiry wlrig. 


c-an be 
w 1 ng Is 


ORIGi.NAL 
OF rOOR 
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I . . 


* (• ■' ••s’;, it Ion wtiU'ri Mio w!'i»r f»‘-' t-l.' jl'. fii/ of flapping 

M.. 1/'' , . 


! fM-n 


.v„ '■;) ';\i' * 


r.irm 

an 

f ir 

.•ale .1- 

• • , m of t>o.’ I'ron*’ -i . 

tr ig. f 


; ' t • 


■ 1 

In It.. 

, 1 ,!;:. ha < * o be exj' 

.'••tod 

* 

.’ ' • ■ W 

li. 

.. .1 

•n t hi- F 

I’.-.’en* .V >rk wa:? bu ’ 

1 t up , • : 

.1 1 

.>m 

11. '• 

?r 

a," i. e t 

i) to the vortlc*‘s ^ 

f Ui.' . • reet 

' n 

j'.al 


•f • ho; 

•■ • '.Oft 1 :e;j wb. loli 

•t; Ml'- .iti- 

eot 

1 ‘*.n 

of 

u 

O 

connect • 

1 with this. 




1 f 

v; • 

V ■ • • X 

.-.treet .atablllty 

;idlt lotus 






1 '>..”'1 -md 7 

l\ 


are 

r.ub.: 

. 

at e l In 

Eq. (8), we obtain 

the thru.st 

In 


A'., -'.'.A ••[<>..11 - ».7'> I '[•;]; 


Eq. (9) coi*ro;:pon;l;i to the known Karnan formula for drag. 

In the caoc of the* problrm under oonatdorat Ion , the magnitude of 
the thrust must b».’ expressed through c-he data which defines the shape 
and motion of the wing. Since, according to formula (6), Section 4, 

~ ‘’r:^Cl»s 3 1'lii 'A' 4 vos'*c^| (10) 

and, according to formula (9), Section 'l. 


h i-^i* ' 

Uo = ^ 0)S alsm t vos'#u*»| 

hy substituting these values In formula (H), we obtain 

.Vn ms 3 A'slii '1 j ■•' 

X I os 3 (sill 'U' • tos*.i:^) j > ^ ' I ’ f 

or 

V„ 2soM'*oos 3 ^siii '1 T * X 

'■' ( I ♦ * cos 3 f sin', i cos^'. ■* 1-. 1.’^* th 1 U. 


(11) 


(i?) 



' r 


c 


W I-* 


* ’t- of .it.'il; J 1 1 t.y * 'M'l'i’ ? ri;; 

'IV'-,* 




1 


Wtn >lll ^ t ' I" ) 

< |l I H..» ) ^ . 



C 


i.‘ 0 1 L<-»ri t • 


11 i-. it or the -onaitlon, from Kq 


/I 




, - 0. HiJ 


o, rilO* > ■ ><>» ^ J 


finally , 


from ( ) , 


we have 


,V„ 0.'M^M'Scos3(qiio4 p)[l i '.2^]. 


( 


To return to the general case, we note that, from Eq. (10) 
Bectlon 4, 


b 

h 


r ‘ / 

* /' f V ''f ‘ ^ ^ ' 



( 


and, by substituting this value In expression (12), we obtain 


V. - r:-.hV-C0Si(s\t\'.4 CDs'' *T.) '‘1 



. I ' • 


.... . r •« • •*:i tv Jtlv.-ll \i-v r 

: f.i' Jl •' I "f t he \ V -rr, ’ *,< 


la 


■ '-I' 


1 ^y I In' *■ rnu 1 'I 


Wf • iri 


Jr/> iiii . I .ill 1 


.. . In 'hv I'oi’in 


/'j'U 


, h- h 




/ r 


h li 

„ / / 


lr.'« L ’■ y , ] . ■ . ' , viie o'lM oLLuln 


. ( . . I ,, I w o I ' ' 


(17') 


1, If,, r-'t'orv. viu-iMt.y (17) .’-.u nc written rurlher In the form 


V„ - 


Jjjx 


•J* 

I' 


(17") 


In all theae expreaaloria , the neceaslty of satlalactlon ol re- 
lationship (l6) should bv ru.membered . The lattvr relationship, by 
sotting 

, 1 . 




.M. 


can be i-ewrltton In the form 


ru- . 1 f * '< * ' 1 - * 


A'o 


and, since 


.w I 

.Ml -I 


1 


■.Ml - I • 


we have, fui'thor. 


•V„ 


, >' '/W *\-MI 1 . .,/! ) 1 

I I' - / Jll V' “ / / .11 " j.Mi' 


(17"' ) 


olnce the d'lta which deflrie the wM’k of a flapping wing are the 

vil+v*p j i 

= Ufi t'r-.im which o = _±,5.ani , 


quantities b, ^ 
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/‘iU2 


. 1 .. . k ... ...» w '' *»r<' i- • rv'ri- 1. r<"'r* ca I oul :t • 1 >-’n oV 

'It j, t I -1 ciurmtl-.i / I ”, ‘Ti J w . r ' I . ♦ / I -I \ V 

IL n-n UO. •./« ■ ‘ ■•-» >■•••• <''»• ’o* 

, ,L.. ^ ■■ oi’ • ' ■ .••? vnr-c of 
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from condition (l8), it follows that, with 2M-1>0, f(M)>0 and, con- 
sequently, X^<0, l.e., with M- . we have the thrust. This 

condition is satisfied at |>0.2'45. Thus, with ^>0.245, we have the 

thrust with any w/V ratio which satisfies condition (l8). Prom Eq . (19) 
se see that X^*0 with 

w A ,U I A I »i 

V *” " / 2.W - 1 * / 1 - -Ml ■ 

Since condition (l8) occurs, this equation has a solution which 
satisfies condition (l8), only when 2M<1. In this case. 
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The theorem of {-ulae.! force precisely 
specifier, tlie mecnanlsm of 'levelopment of 
the forces which act on a body submerged 
In a fluid. Fi'om this point of view, the 
generation of the thrust, of a flapping 
wing, as was stated above, has the follow- 
ing simple mechanical nu'anlng. The In- 
verted double vortex street formed behind 
a flai'plng wing (Klg. l8) produces addi- 
tional velocity In tlie direction of the 
wlrulstroam. This velocity and the momentum along the flow connected 
with it are the result of the aupllcutlon of the I’orco applied to the 
fluid In t.lie direction of the fli'W velocity and, conseijut'nt ly , equal 
to It In magnitude, but directed opposite to the wlndstream velocity, 
of tlie foi-ce appllel to the fla{>plng wing. This Is the thrust. In 
whatever manner we attompt to explain the di.'velopment of thrust. In any 
ease, according to the tiiooi*ern of Impulses, this force should Induce 
the backwar'd deflection of the mass of fluid. From this point of view, 
we attempt to explain t.he e.;.senc»; of the effect of the so c.alled "suc- 
tion" forces on the wlrig. 

We base all t.lr' eons Merat tons on the method of accounting for 
suction forces of’ N.’^e. i’hukovskly, In v;hlch we restrict ourselves to 
the case of a flat plat-; [7]. We Imagine a (’low past a plate (Fig. 15) 
Such that the l.i-ai’Llng «?dgf B Is the point the flow leaves t h«' plate. 

In this case, a physically Impossible Infinite velocity Is produced 
around the leading ^*dge. The IJeri o.’ .^.hukovskly Is that a vortex of 
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We repre:tf?nt , hy r.'rina Of the function 
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tho r.urfioc portl-^)n of circle |z|*R on 
the aiirf-teo of ‘he plito. In this case, 

f« Hus R of 1 h<* elrclo will e>iuni b/^1, 
where b la ’he width (chord) of the pl.ate. 


til vert Ly the c-inplex pot.ent. Ill 


The flow I’ant a round cylinder Is 


U 





( 2 ) 


Kron Eq. (1) and (.?), for the complex velocity of the flow paat 
the plate, we find the e» pres si on 

“u\ ■ - 1 /" i~fi *"> '0 • ( 3 ) 


In which, for the top surface of the plate, the square root is in- 
cluded with a plus sign and, for the lower surface, with a minus sign. 
Tho pressure on the plate from below (p^^) and from the top Is 

express. I ■: by the formulas 


vl, 

Vl, 


and, from this, the pressure directed upward normal to the surface of 
the plate, 

V r., - K *, H'! r;i t>ri-o!.'<.*i's.i.,o i * ^ 

and, therefore, the entire pressure of the flow on the plate la 
directed normal and upward, and It Is 
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rt'ltnary circulation around the wing and J la the olrcula- 
From (5), we have 
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. 1 For the velocity around the leading and trailing edges of the 
w ng o e finite at the plate, it Is necessary that, with z»+R^w 

revert to zero. Prom this, we have the equation 


from which 
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or, approximately, according to the smallness of e 

7«.~-4s\7?:»inO. 
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Wo now calculate the velocity of the flow along the axis of 
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Prom this, with the components of the velocity on the axt-a of the 
vortex designated u and v, we have 
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which, according to the smallness of e » further be written In the 

form 


and, on the strength of Eq. (7), 


VV»‘(i — . 

' ' iiii 


J y I 

2 *//^ • irTtU i • 


117 






'4 


.It 


F.rtj ..Jnci 

/«•» 


1 

- /<-ai ou’ • 1) ' 


In • r . • ’ y • ' • 

.. itr.e 


/,» 

• • , u> . 

t ' /'(/» 


2k> 

.M.** 


* ht r 


/5'<8 


:-L 


It I 

/«•(■’ *'• ' • 


' " - I’m II • 


it r;*o:n th’j i hiit 


.i i.< 


/ I . J i , J I > 
'/< t ' 2 Hi T. : 


j \ J { ^ 


To calculate force P^, we now apply the Zhukovnkly theorem to the 

mtu :3 of flu 11 enveloped by the flow around the leading edge. Then, 
for force P^, we obtain the ejxpreaslon 


. f,v J\ ^ 1 r.-.RVi sin* 0. 


(10) 


We obtain the direction of thl3 force from the Zhukovskiy theorem, 
13 shown in Fig. 20. 



In summarizing everything stated above, force 
P acts on the plate. Its value Is determined 
by the formula 

/’ Y /\*> n\ - \r.-.n \ MM 0 T.'.hV‘ sin 


Fig. 20. 


and this force Is directed perpeni Icular to 
V, since 
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and 


(Fig. 21) 


It follows from this that the force determined from the Zhukovskiy /5^9 
theorem (or, which 1.: the same thing, from the Chap lygln-Blar. 1 us for- 
mula) includes the auction and, th:*reforo, to take account of the suc- 
tion for a flapping wing. It Is suffl.'’ient only to take account of the 
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the antjlo of attack Is ^,-tarct From this, the fore notltit: on tr.'.* 
plate, accorJlni;' to the / hukovskly theorem, equals 


Kf.(V'^ 4 - :,;<*)/) -j arciii-Y,). 


Since this Is force P perpendicular to the resulting velocity It 
has component directed forward. This Is the thrust (Fig. 22). It 

Is determined by the formula 





In exactly the same way. In raising 
the wing, we obtain the force directed 
backward 

Hi -- ih- i ^ S'" -- ““■■''v' "(I- ) afC'iJ y • 

Since forces and R 2 act during the 


Fig. 22. same time T/2, their effect In the genera- 

tion of impulse and the momentum connected 
with It Is determined by the formula 
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By comparing'. R, 
found above 


cai'.’ulated by formula (11), with the mean thrust 
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atateJ thruat, which la unileratinciable , alnce the departing vortices, 
*18 it la <*'iay to a^e, decreaao the chan»te In the wash. 


Caicalitlon •’!’ the mor.ont'm of the fluid passing thi’ough the 
control a .rf ico p-. ’inlt.a 'ier l lance of those dlfflcultlca which arise 
In acooinMnf*. for th-* Jlrect effect of the departing vortices on the 
velocity 'irounJ the wing. 


12. FlU’ht Conditions 


We consider the center of gravity of an aircraft with a flapping 
wl.ng, and we clarify the s^uestlon, as to the conditions under which 
this center of gravity returns to the same altitude above the earth 
at the end of the oscillation period T. 

The ’weight of the aircraft mg acta on the center of gravity, where 
m Is the mass of the aircraft directed downward and, besides, the lift 
caused by the flapping of the wing directed upward, which changes Its 
magnitude from Pj^-mJj^, corresponding to lowering the wing, to 

which corresponciS to raising the wing. For flight In the case we are 
considering, It is necessary that mJj^>mg>mJ 2 « 

Initially, we consider those flight conditions, when the center of 
gravity la raised upward from the lowest point. First, this corresponds 
to lowering the wing and, second, to a certain interval of time, when 
the wing Is rising upward, but the center of gravity, because of Inertia 
still continues to move upward. 

With the X axis directed vertically upward for the first Interval 
of time, we obtain the e^iuatlon of motion In the form 

from which, on consideration Mint x ^»0 and velocity v ^«0 at the lowest 
point, for this first Interval of time, wo obtain 
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During that Interval of time In which the wing rices, by Inertia, 
the center of gravity also still contlnuea to nove upward, the equa- 
tion of motion of the center of gravity Is 




(3) 


T 2 . 

with Initial values Vj^-( J ^-g)Tj^ and h^-( J From Eq. (3) and the 

Initial data, wo obtain 
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J« (K y,)7-f T (/i-A') i . 


At tho higheyt point of the rise of tho center of gravity, we obtain 

(K Jiif -(y,-“V)r,«.o. 

and, by designating the duration of this second condition of rising of 
tho centoi* of gravity by wo obtain 


fi_Hr 
*' c l: ' ' 


('0 


and, for the corresponding rise luring the entire raising conaltlon, 
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yrom El. (3) and Initial conditions •/•u, for 

of this second condition T 2 * wo have 

Consequently, at tine T 2 , we have 
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Subsequently, motion occurs by the equation 
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with Initial given and v^. Consequently, 
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If the duration of this condition Is at the 
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l.e., the equality la completely analogous to that obtained above. 
From’Eq. ((;) and (9), we have 


0^-02 

l.e., the rise time and descent time of the center of gravity are equal. 

If the period of oscillation of the wing is T, according to tVie 
preceding, 

"• 'f' ■" Y " 'i h “• Y' 

from which, by substituting the values of and T 2 from (^0 and (7), 
we have 
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and, consequently. 
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The result obtained expresses the following conclusion. 


For flight at constant alt^ltul e. In the case 
wing, the kverago Uft has to eiua: tti-.- weight of the alr^a _ t _^ . 
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h«0 

1,0., ^ thf bog Inn l n,* an-l end of the wln^; lowering Interval, Its center 
of iiravlty Is ut~ t no same altitude. 


It Is evident that the same Is valid for the wing raising Interval. 
Thus, on the average. It Is ^s If the ecnter of gravity is at the same 
altituJe and that the wing shifts downwaru and upward from this average 
position. 


13. Maximum Thrust of Wing 


The lift of a wing Is determined, as Is known, from the formula 


/’ f.nv. 

where I Is the wingspan or, by substituting the value of p» 

/* r'V’VsA siti( J ^ 0). 


Let the wing profile permit flow past without detachment of the /3!36 
stream to angle 0j^, so that the maximum possible lift of the wing Is 
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0 , so that 


to obtain the lift of the wing equal to the 
lot It be .sufficient to have angle of attack 
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Prom these e.iuatlons, we have 


2.uci',«^, — (0, - 0.) 




As we have seen, from the condillotts of stability of a street. It 


turns out that ^>0.h62, so t’.iut aretg^>jO°. On the other hand, the 
order of magnitude of 0^ and 0^ of modern wings at adequate flight speeds 
are l‘j® :uid 5®, respectively. Consequently, 0^>0], and. In this case, 0i 


Is negative and Is positive. Thus, we obtalti this result: 

In Iowi»rlng a wing,, the angle of attack Is less than in rals 
lt>g the wing. In which. In lower ‘In.; the wing, the angle of attack Is 
negative and. In ra I s i ng , iV ~1 s positive. 

It Is possible that tnls explains the phenomenon observed In the 
flight of birds, when It appe;irs that a blr-d, in lowering the wing, 
r^cems to scr'.pe, dr-lvo the air backwards. 


Prom the equalities found, It Is extremely easy to find the maxi 
mum thrust of a wing. Por this, we find the maximum circulation y of 
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l.e. with a given h/t, the average thrust Is proportional to circula- /55l 
tion’y. Finally, from this, we obtain the maximum thrust in the foi-m 
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Uy substituting this value in formula (n"'). Section 10, we 
obtain the final expression of the maximum thrust of the wing 
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which, further, can be written approximately In the form 

A', -= _ -} ;A '-V> (0, - 0,) [2 f- ;; (2 tl. - I ) (0, - Oj] . 

If the valties which correspond to the stability condition are In- 
serted here, w** obtain 


A', -^W.V-V.(0,_0,)[> t O.-H ^(O. -fu]. 

A'u .'A’-V^O, — 0u)^3.l » t h I*! • 


(6) 

(7) 
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Of* upp f'j ^ Ly » if* vl'*w ' ' r th'* . !T/J 1 1 n<^ j s oT 


.V., V 


It. !:• -jf' \u\ root to comi'ftro the result Ing forniula with the 
:\rrtiul'i ;‘^r * :;e rruxlmuni lift of i utaMonury wln^' 




Kron rj . '?), we h'lve 


>«1 ".*•'•-• 


!-y •inil.-oy with tho-»:'io3 or Lihip.?, exprcoslon can be 

u*ane.i t '.t' lift :-i'.vvvc of the wing ami, conaequont iy , Eq. (9) gives 
the rol lowing roault: 


The maximum thrust of a flapping wing equals its lift re- 


/bSO 


serve multiplied by 2—. 

Prom this. In particular. It follows that flight at constant 
altltudd Is possible, only If, at a given flight speed, the wing has a 
lift reserve. Since, In constant speed flight, the thrust of a flap- 
ping wing Is used to overcome drag, from this, we also find tiiat flight 
at constant altitude Is possible, only In the event tiie drag of the air- 
craft is less than the lift reserve of the wing. 


Let the coefficient of drag of the aircraft be Cq. Then, the 


drag per unit of wingspan equals CqpV b and, consequently, by comparison 


with (9), for the possibility of flight at constant altitude, we have 
the Inequality 


< 0.rji52r (0, — UJ -1,70 ('j, — 


l4. Optimum Plight Conditions; Examples 


If fllgijt conditions are considered. In which the Karman stability 
condition Is satisfied, the preceding results permit it to be shown 
that the number of flaps at given V and w Is connected with the chord 
dimensions and wltii the flight speed V, by an extremely simple relatlon- 
.-.hip . 


m 


Actually, as formulas (I?) and (lO, .Section 4, show. In flight 


ix.> l 


5r 




( 1 ) 


On Lhi? OUiuz' i;iM), Llie V'JXUV or t;.. w V r.U; j- .-.I',.-, wlif, ^:lv»-n 

: . : 1 . . now 


0^ and 9^, r^om wh! tr:o v'jluca j 


are round, determination of tht.- val-j.- >f b/u \.j t,>- r -rula 


A 

A 


f/* 


n I#. 


II, l'* lOi i|mii a , *' I 


(P) 


6 1 


from which we find I, by ualnij the ratio 


r-Vom ratios (2) and (3), we find 

1.2 1*1 *04 J f \||| ^ ^ I 

/ — L_ y J 


w 

/ - O..VL' 


^h. 


Since 


«o - * cos 3 [sin ? cos < ^ j V' til . 


(3) 


(^O 


by substituting the value oi' b/h from Eq. (2), and noting that, at 
— aO.cSl, we have y-tii^^ O.tjiij, further, we obtain 

«u -- 1.8 (* -.0.502^1/. (5) 


If the number* of flaps per second Is designated N, 

V I V' : //., 

r / 


from 

( 5 ), 


which, by substituting the values of I and u from Eq. (H) and 
we obtain 


.V. -■’■'■‘'-I r 


I.J I'i lus } ^.iii < iK, i 
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I'.-- • ‘ 'r.: v«/'v . 
ri:ip{.’ ! . ! her'ol’or-* , 


A 


can be call.- l the rU^ht 
K In hlq . (6), we obtain 



• ; .1 . 1 

1 w mt 1 T y 






*n j li Ions 

coe!fl • lenT 

\ 

K \ • 


• n I i M • > n ;' lur 1 nj ' 


(7' 


i j .vjlK’.t I tut Ion of 


(fl) 


Formula (8) ahowa that. In the same ril|^ht ; '•n i ! t » onr. i t h ini'll 
K). the number of osol llut Ions" la jlrectly pruuoTnrTTrial" tb" ~ n- 7 e 
spef^ anl inversely proportlorial to the"~3i1i^or t he^Fno'rTi — 

By comparing formulas (7) and (2), for coefficient K. we obtain 
the expression 


/•> 


A -0.2Si[i4.i,s(-“:_o.o02)] J-. 


(9) 


and here, If (^-0.562) Is small, as usually Is the case, approximately, 
we have » r-r j- , 


A'«>0.2SI 


b 

k • 


(10) 


It Is evident that formula (10) Is obtained from the expression 


\' 



If the term u^/V in it Is disregarded. Thus, further, we obtain an 
expression for N In the form 


/V==.0,2Sl 0,281 -JJ’ . 


( 11 ) 


We consider the following example. 

The critical angle of a flapping profile 0 , *ib®. The flight 

rn<j X ^ ^ 

condition Is determined from the follow'lng data 


7563 


130 






•J.i- nntil'. . >• riM . In l>w- "In,: ‘‘f’! the wtng 

(Op) ar" J'torvnlnei from i-h** fonJltlonj 

* « •), I UCi,' 

’ • 0 , .irc , ^ 0 . 

I*' .-m which , Up- 30"* and, coriac iUftit ly , 

j » H', 2 - 2'2 ; 

1 . w' r'ln l b/h: 

h <l .■•77 '>*''’ ^ . ( 1 , 27 ; 

H 0. i* ■ •'.'•'I j 'I, (re, , ti. 

?. wo rinJ the ne.an <r 1 i-eu In t. Ion V: 


I' - nAV'sin s^cosl — *i:(% ^ |. 

■ r«rM'0.liU2|0,9772 f h.:i7»G-0.r,77|«4 — sH'O.lGS; 

rrom which we obtain the mean lift: 

— pVT-^0.5pl'»A; 






3. for determination of the number of flaps N, we use formula 
(8), from which . jl 

K *=“ 0,0777, 

and, therefore ^ I 

0,0777 ] 


4. finally, for determination of the thrust, we use formula j 

(15'), Section 9, , 

. A', - . -0,'.H;.M'\os j(sin?-t cos?-^)(l f 1,2 ^): ^ = 

K ’ 

r 

by substituting the values found, we obtain /56t| , 

Aa 

30 that the thrust is almost half the lift. 

As particular examples, we consldoi* the following. 

p 

1. The load of a flight vehicle per unit area p=20 kg/m , b»3 m. 
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y,-‘ i'.'ti.-: 


•!nr c /->1 »fj I ’.riu- oi’ ri ij.-. for at conntant 

) 

H»^ltuu' ; ( t'OOl ; I t (t la t fji* /•]<an)| W'- fjav'.’ 


/' iiul I * y ^ , \ ,i.>o |(< 

V U.07r7 ^ ». 17. 

?. Thi- -rir^ jar.;;t.ion, with , b*0.1 .-n : 

^ I II. . » ‘ ^ -./...CC* 

•V ii.«i7;7 J' .',.1. 


Th'* dat I api -ox Imatoly oorrv! ..ad to the* plight of a pigeon. Ob- 
-pivo^ ') to 10 for M and Prom Li to 30 m/scc for V. 

3. :’he sane I'l-an Ion'-' with p*0.66 kg/m^, b«n.0002 m; 

V-i.2 m/sec, N-123 

The data approximately corroapond to the Plight of a Ply. Ob- 
servations give N Prom 180 to 350. 

As a second example, we consider the performance of a flapping 
wJng with the following data. The critical angle of attack op the 
protllc Is 15°, 0*0. The Plight conditions are deter’mlned from the 

following data: arctg^O.6 (31°) and the angles of attack of the /565 

wing are determined from the equations 

0, -f3r. 15 . 0,- .If,*. 


J — 

The data are similar to those for the ornlthopter of A. Soltau (from 
M.K. Tikhomirov Polot ptlts 1 mashlny s mashu?-.hohlm I kryl'yaml [Plight 
of Blr'ds and Machines wPh Flapping wlngsj , ONTI, rd'^'7"'^p/ Iflij) The 
vehicle did not fly (see further). 
i| 

Data from M.K. Tikhomirov, p. 19, 28, 80. 

Vita from M.K. Tikhomirov, p. -5?, 63, 70. In evaluating the figures ob- 
tained, It must be remi*mbe:'ed that the uiechanlsm of flappint' dlffer-j In 
this work and In th'* data of M.K. Tikhomirov. 


U2 


Vrot 


t-h 


Ilia: 


1. •!.l, 

?. hv, 

‘ . /. «0 . 1 6pV' h . 

») 

; ll»?l to ‘.ho pi?’! I r'u lap sa.To.'j, with t !jo jin useJ above an^l 
"*;• • ir»'* ’ . w.’ ot>L?iln; 

1. with , b" j m, v».*locltv V aril t.yie number of 

l l ij>:’ ar mataril. 'iHlLudo M ari': 

>31 m/:’.cc , 

2 

with kij/m , b»0.1 m, 

V«2.8 m/auo, M"C?33; 
with p»0.66 kg/m^, b»0.002 m, 

V«16 m/sec, I>2640. 

Comparioon of the reaulta obtained with the observations presented 
above shows that the flight conditions of the Soltau ornlthopter are 
more like the second set of data since, In the first case, we have the 
absurdly large 



m . 


We note that, with the vehicle did not fly (In the second 

case, h»y.^»2.7 m). The flight of a pigeon and the flight of a fly are 

closer to the first scheme since, in the first case, for the pigeon, wo 

liave h»^— |y»0.'l m (In the second scheme, h»0.1 in). In Just the same way. 

In the case of the flight of a fly. It Is more like the first scheme, /566 

where h« " - py - « -^^ mm«7 . mm (by the second scheme, h«2 mm). However, 

It must be rememberc 1 that all data on the flight of bix’ds and Insects 
are ex", emely unceruiln. The resulting conclusions, concerning data of 
exti'omely varied dimensions (ornlthopter, bird, In.sect), which are 
sulllclently cons Ir. tent with reality, i.’vldently confirm the applicability 
of the resulting conclusions to actual observations of cases of flight 
-with flapping wings. 
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,,r •, 

iMtjlc ^ . ■ . I 

r tTp'iM J.: ' • 

the- 1 1 ft. • 1 ' 




•ft i 
f. ' 


P3. her* Cot\ -^ « f* 


' V • • 

^ I . 


: • >‘r* 

. 1 

' ' ' J . 


Thtt 'h'or’y of !M'ippIn>: • •• i ' • .i ■ 

1 farthor. -f’ j.- 

1 ' r'opert 1. 'jf '*blaj'* .5tr'’''tr; * • .n Joub' : ‘ • 

i.}ie foiT.at 5 jfi if MrGOln 
fc*c: l^n :'-;f ,'ir l movern- rit •!" lb<* rri;'r !n/ w’n • ' ■ • ' ' ' ' 

.'bich ''b'.'ia" 'iM form '.n t h>- '-V-Tit ;r- • t'*' >1’ i ; 

rjn<l r'llalOf' the wlru» la nonj.i 1 !’ >rm . Thl.*. c v. : .•.tuJ'.’ 1 ’ 'i r-' ' :j : ,/ 
and t-xt'.'vlmoriti 1 ly In Jotall In the work oi’ bolunakly ' i )] . 

The exper liTiont 'j 1 rcaull.} h" 'titalneJ ur’C rel'K-’cl to the followlrp'. 


"V.'lth n''Munli'orn flnpiMiit; of i wl.'u: (the low'-rln.' and raiding 
ratea ire different), tn'" vortl ••a ah'-J fuim a atreet, the axis of whleh 
la Inclined to the dlreellon of forwirl motion. The street diverges / jC7 
in the fJlrectlon of the hlKti* '* flopping speed, and It does not have a 
cheoker*k)oar 1 arrangement of td*o vertices. In an upwar 1 deviation ol 
the street, the vortices of the upper row are ohll'tcd to the right of 
the checkerboard arrangement. In iownward devlatljn of the street from 
the direction of forward motion, the vortices of tkie upper row are 
shifted to the left of the ch*' ckerboar J arrangement. 


"The experiment gave one unexpected result. This Is the noncliecker- 
board arroiMgemerit of the vortices of the "k>las" street. In which, as 
It turned out, it is of l)U.slc Importsnce tn examination of such 
streets . " 

The latter remark Indicates the following. For the formation of 
a "bias" street, besides velocity In Uie direction of forward motion 
of the wing, the str-ect must also have a velocity directed perpendicular 
to the dlr’octlon of forward motion of the wing. This "drift" of the 
street Is possible, only with a street structure which is Intermediate 
between the checkerboard .and parallel arrangement of tlie vortices. The 
question arises here as to the .-.tablllty of such streets slnce,^ In all 
theories reported, the Karman stability condition plays a slgnll leant 
part. V.A. Ivanova showed that, In the case of such drifting streets, 
there Is the foilewlng stability condition, in the sense of Karman:' 


gee conclusion In article of /.V. Jolub--v, "Thrust of a Flap[)lng Win.'," 
Izv. AN .J.h’.R QTW b, (1'V‘0) Laeo this puhllcatlon, pp. ]. 

'^V.A. Ivanova, "Stalilllty of 'bla..' vortex streets," diploma work de- 
fended at Mcchanlca 1 -Mat-h'-mac I'-ea 1 peiju I'tment , Moscow State University, 
19'»9. 
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i. 


( 1 ) 


^ . :-f t \ I i»v 1 ! . 1 ' l'ic< r.tMit ot’ W»o voi’tlv’co of jno ^l i<? ->r the street 
to th»* 'n the '>r,c oV the <.-h«^Jkerho.'ir<l 'irr'in^oment , 

v;ii c'in IP U>n (1) y'tnnr.^ to th«* Kni-man w’on I*, t Ion 

cli» 7 ■ 2. 

'.n the .•-•nt t)»0, with pirall'*! 'i rrMn,N‘r out of the vortices, I’rom 

(1), W' "IVO 


from w'.' h ^■n, l.e., both sides of the utr**trt should fuse and, con- 
..o.,non . *.y , hev .ne oi’ the opporlte l'-recti.,ns of rotation of the vor- 
t^!:v-s in the two rows of the street, n stable street disappears. This 
Is In : -nj.lotf i^reem- i.t wPh the k;.u«ii fact chat streets with a parallel 
vor'tx rr int:encnt are uristable In ’he sense of Kux’ntun. 

Ir» M.! work, 'fa.Y**. Pol -nckly studied the klneiuatlcs and dynamics 
of ”bl-;i" vortex stre«;ts In detail. The formulas he obtained are a 
correlaM jn of the fornulan derived above, to which they are convert- 
ed, In the event the rates of lowering the raising the wing are equal. 

Another case which received detailed examination Is the case of 
flight "In place,” which can be observed In the flight of small birds 
and Ins'^cts. In the work of V.V. lolubev [9], It was shown that this 
case of flight can be explained, based on formulas (^), (6) and (15), 
flection 10. Actually, from the equations which determine lift and 
thrust Xq 

— j'.nM ’* gill 3 l^coi ? *iii ? * j . 

0,‘H;.^cog5^^»ill^ I tf»cos?)l\' t l.2“'l* 


we see that. In the absence of forward velocity, l.e., with V»0, lift 
Yq reverts to zero, but thrust differs from zero, since, with V“0, 

2 

X «-l . 13cosOcos6 w . 
o 

Thus, by changing the lift to thrust, for which the body of the 
bird must be turned from the horizontal position to the vertical, which 
Is observed in the flight of birds "in place," the thrust of the entire 
bird can be caricelled. In the work meiit loried above, a detailed study 
of this phenomenon Is given. 

Evidently, the vortex scheme examined here permits determination 
of the force which acts, not on a flapping wing, but on a rotating 
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